MATHEMATICS AND INTELLECTUAL HONESTY* 
MOSES RICHARDSON, Brooklyn College 


An old legend tells of the explorer who lived for years among the lions and 
learned to speak their language. When he returned to human society, he re- 
ported that all the lions were certain that God is a lion. At one time or another, 
God has been nominated to honorary membership in the Mathematical So- 
ciety, the Physical Society, and doubtless many others, as well as to the post of 
sponsor of many armies. I am aware of this universal tendency to deify the vir- 
tues of one’s own kind. I am also aware of the claims of other subjects, and of the 
difficulty of defining Mathematics to the satisfaction of all mathematicians. 
Despite all this, I propose the following, if not as a definition, then at least as 
a partial description: Mathematics is persistent intellectual honesty. In the re- 
mainder of this talk, I wish to amplify this statement and point out some of its 
implications for teachers. 

First, let us examine what Mathematics means to a modern mathematician. 
The most familiar example of mathematical thinking is doubtless Euclidean 
geometry. Let us imagine a conversation between an Unusually Patient Mathe- 
matician and an Uncommonly Intelligent Layman. The Layman begins the 
conversation by asking whether the Pythagorean theorem is true. The Mathe- 
matician responds by proving it in a usual way, namely by deducing it from 
theorems on similar triangles. The Layman perceives that his argument is of 
the airtight variety of strict deductive logic, but proves merely that if these 
theorems on similar triangles were true then so would the Pythagorean theorem 
be true. The Mathematician then deduces these from still simpler propositions, 
and so on. But since he must avoid both circularity and infinite regress, he must 
stop ultimately and base the entire discussion on a set of primitive propositions, 
called postulates, which are left without proof. The Layman then admits that 
if these postulates were true so would be the Pythagorean theorem, but con- 
tends that he is puzzled because he does not understand the meaning of certain 
terms which were used, such as “triangle.” The Mathematician responds by 
defining “triangle” in the usual way in terms of “point,” “line-segment,” efc. 
The Layman says he would now understand the meaning of “triangle” if he 
were not puzzled about the meaning of the terms “line-segment,” efc. The 
Mathematician then defines these in terms of still more primitive terms, and so 
on. But again, since he must avoid both circularity and infinite regress, he must 
stop ultimately and base all his definitions on a set of primitive terms which are 
left undefined. 

At this point, he has converted Euclidean geometry into an abstract mathe- 
matical science, that is, a collection of statements of which some (the postulates) 
are unproved, but all others (the theorems) are logical consequences of these, 
and in which some terms are undefined but all others are defined in terms of 


* An address delivered at the first meeting of the Association of Mathematics Teachers of New 
York State held at Syracuse University on May 12, 1951. 
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these. 

The Layman then asks, “Are there objects in the universe for which these 
propositions are true?” 

The Mathematician then answers, “We have proved that if there were ob- 
jects such as points, etc., satisfying the postulates, then the theorems would be 
true of them too. This is all that Pure Mathematics is concerned with. Ques- 
tions of truth belong to Applied Mathematics. Since the validity of a deductive 
argument is independent of the meanings of the terms involved, we regard our 
undefined terms as dummy symbols in Pure Mathematics. Thus we might write 
‘two x’s determine a y’ instead of ‘two points determine a line’ in the abstract 
mathematical science of Euclidean geometry. Pure Mathematics is the totality 
of abstract mathematical sciences. If concrete meanings are substituted for the 
undefined terms in an abstract mathematical science, then we have before us a 
concrete interpretation or application of it. Applied Mathematics is the totality 
of such concrete interpretations, and Mathematics consists of both Pure and 
Applied Mathematics. If we somehow knew that for a given interpretation the 
postulates were true, then we would be sure of the truth of the theorems also. 
But we are seldom certain concerning the truth of our postulates. We try to 
make them as simple and as plausible as possible, but we cannot guarantee 
their truth. In Applied Mathematics we use our postulates as good working 
hypotheses as long as they produce usable theorems, but we are unable to prom- 
ise that their usefulness will be eternal. If a scientific hypothesis implies a single 
conclusion that is not in accord with observation, then we know decisively that 
it is not true as it stands. If all its implications so far drawn do appear to be in 
accord with observation, we cannot know decisively that it is true, but can only 
regard it pro tempore as a good working hypothesis.” 

The Layman then asks, “But is not this situation the same in other subjects 
as well as in Mathematics?” 

The Mathematician responds, “I think you are right. If you attempt to or- 
ganize any body of subject matter logically, you will ultimately cast it in the 
form of an abstract mathematical science, and if you apply it to reality you will 
use a concrete interpretation of this abstract mathematical science. It is in this 
sense that Mathematics is basic to all sciences even more than in the old sense 
of Mathematics as the science of space and quantity. The mural in the Hall of 
Science at the Chicago World’s Fair, entitled the Tree of Knowledge, exhibits 
this notion by placing Mathematics at the base of the Tree, the fundamental 
sciences as the older, better developed branches of the Tree, and the practical 
arts and applied sciences as the younger, less developed branches which must 
draw their strength from below. With our definition of Pure and Applied Mathe- 
matics, it is true that all deductively organized sciences ultimately become 
branches of Mathematics. This has been considered unfortunate even by some 
mathematicians, but attempts to restrict the meaning of the word ‘Mathemat- 
ics’ restrict it too much. Rather than throw out the baby with the bath water, 
we have grudgingly become reconciled to the embracing nature of our subject.” 


or 
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The Layman then says, “You have indeed opened inspiring vistas to me, 
and I begin to perceive why mathematicians are so enamored of their subject. 
But you have not yet told me whether the Pythagorean theorem is true.” 

The Mathematician says, “I have shown you that if there existed objects 
in reality which had the properties demanded of points, efc., in the postulates 
of Euclidean geometry, then the Pythagorean theorem would be true of these 
objects. While in most situations Euclidean geometry seems to work well enough 
for practical purposes, I cannot assert that there are such objects.” 

The Layman then asks, “But did not the Greeks say that the axioms of ge- 
ometry were true because they were self-evident?” 

The Mathematician responds, “This was a weakness on their part which 
modern mathematicians have outgrown. The history of science is a road strewn 
with the decaying bones of assumptions which were once considered self-evi- 
dent and later found to be false. In fact, much fundamental progress has been 
made by questioning assumptions which sometimes were considered so self- 
evident that they were made tacitly. For the practical purposes of geometry 
other postulates may be used as well as Euclid’s, and these non-Euclidean ge- 
ometries contradict Euclidean geometry in many places. I am afraid that if 
you mean the word ‘truth’ in the somewhat naive sense of absolute truth, then 
I cannot assert that Euclidean geometry is true. Pontius Pilate is said to have 
asked ‘What is truth?’ long ago, and, so far as I know, no thoroughly satisfac- 
tory answer has been given. Fortunately, science progresses without requiring 
absolute truth. Its successive theories provide better and better approximations 
to truth in the sense that a new theory must give correct predictions of a more 
inclusive set of observational facts than the theory it supplants. Every scientist 
knows how difficult it is to discover truth even in this tentative evolving sense, 
a fortiort in any absolute sense. It might be a better world if others besides sci- 
entists were more aware of this difficulty, for it is an excellent antidote for fa- 
natical dogmatism. Throughout history, people who have persuaded themselves 
that they were already in possession of absolute truth have tended to suppress 
free inquiry and censor free expression, sometimes on the somewhat surprising 
grounds that, while the absolute truth was self-evident to them, others would 
be easily misled by arguments supporting contrary views, and have exhibited 
at times a distressing willingness to kill those who disagreed with them. A ma- 
ture individual must learn to live with some unavoidable uncertainty. I recall 
an old comic strip character who said, ‘It ain’t ignorance that causes all the 
trouble—it’s the things people know that ain’t so’.” 

Our Layman, who is, you must remember, an Uncommonly Intelligent Lay- 
man, then says, “You have shown me that Mathematics is indeed the epitome 
of intellectual honesty, carried to rather unusual lengths. You do not assert 
more than you can prove. Even when you deduce your theorems from postulates 
which you could easily persuade me to believe to be self-evident truths, you 
warn me against believing this, and point out and investigate the possibility 
of alternative assumptions. Your insistence on explicit statement of assumptions 
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and undefined terms, on strict logical proof of theorems, and on clarity in defi- 
nitions is inspiring. Mathematics is the antithesis of dogmatism and fanaticism 
and authoritarianism, and I suspect it is no coincidence that authoritarians 
have often fought and even liquidated mathematicians and other scientists. I 
intend to study mathematics further as soon as I can find the time.” 

At this happy outcome, let us take leave of our Mathematician and our 
Layman, because I am afraid of what might happen if we were to follow our 
Layman’s subsequent career in various mathematics classrooms. I fear greatly 
that he might not find these ideals of intellectual honesty very much in evidence 
in every single classroom. 

Bertrand Russell remarks somewhere that one of the hardest things in the 
world for a man to do is to stand before an audience and refrain from saying 
more than he knows. To be sure, we may all sometimes make a hasty statement 
or an honest mistake. I am not asking for perfection. But I fear that the teach- 
ing of mathematics and of natural science does not always live up to the high 
ideals that our Unusually Patient Mathematician has been expounding. The 
liberating influence of scientific rationalism seems nowadays to be lost too often, 
and instruction turns into authoritarian dicta on the part of the teacher, and 
regurgitated undigested rote responses on the part of the student. A college 
president once remarked within my hearing that after all, geometry was mostly 
a matter of memory. Is it possible that he could have been referring to the same 
study that I have been using as my prototype of mathematics today? I am not 
at all impugning the honesty of his reaction or his recollection of his own studies. 
I fear that he may well have been entirely accurate about the way in which he 
was taught geometry. But I deny that it need be so. I have met teachers of sec- 
ondary mathematics who apparently taught geometry with due traditional re- 
gard for reasoning, but routinized their instruction in algebra and trigonometry 
until these subjects became nothing more than an elaborate game of tic-tac-toe 
with symbols. The same thing can be said of some college teachers who turn 
algebra and trigonometry and even calculus and differential equations into cook 
book courses. I deny that this need be so. ; 

It is well known that men have a striking ability to compartmentalize their 
minds. People who are habitually honest critical thinkers in their mathematical 
work may fall far short of that ideal in other subjects, or in their personal deal- 
ings whichmay be governed byemotional reactions, ingrained prejudices, jealousies, 
etc. Even people who are sound critical thinkers in one branch of mathematics 
may fall short of that ideal in other branches of mathematics itself. I do not 
contend that the study of mathematics will automatically produce intellectually 
honest people. Nevertheless, I do contend that mathematics is the ideal sub- 
ject in which to point out to the student the virtues of intellectual honesty. In 
this age of the advertising man and his more vicious cousin, the propaganda 
technician, is there any more important function for education to perform? 

But this can be done only if mathematics is properly taught. Ideals of intel- 
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lectual honesty can be communicated to the student by instruction and by ex- 
ample only if the teacher is himself saturated with them and will seize the 
abundant opportunities to stress them in the classroom. However, if mathe- 
matics is presented as meaningless rote learning, as mere drill, pure unration- 
alized technique, routine mechanical manipulation of symbols justified only by 
the teacher’s authority, will these ideals be served? If incorrect arguments are 
presented as valid proofs whose invalidity may or may not be disclosed in sub- 
sequent courses, will these ideals be served? I recall a remark of H. G. Forder, 
asking if it can be contended that “an unsound proof has an educational value 
not possessed by a sound one.” I do not mean at all that all instruction must be 
rigorous. I have no objection whatever to omitting too difficult proofs and re- 
placing them by properly labelled informal heuristic discussions. I mean merely 
that unless a proof is sound, it should not be presented as if it were. Otherwise 
the teacher is in a somewhat less defensible position than a passer of counterfeit 
currency whose innocent dupes suffer only in material wealth. 

Mathematics should be taught so as to give the student: 

1. An appreciation of the natural origin and evolutionary growth of the basic 
mathematical ideas; 

2. A critical logical attitude, and a wholesome respect for correct reasoning, 
precise definitions, and clear grasp of underlying assumptions; 

3. An understanding of the role of mathematics as one of the major branches 
of human endeavor and its relations with other branches of the accumulated 
wisdom of the human race; 

4. A discussion of some of the important problems of pure mathematics and 
its applications; 

5. An understanding of the nature and practical importance of postulational 
thinking. 

An attempt should be made to emphasize the distinction between familiarity 
and understanding, between logical proof and routine manipulation, between a 
critical attitude of mind and habitual unquestioning belief, between scientific 
knowledge and both encyclopedic collections of facts and mere opinion and con- 
jecture. 

These remarks are intended to apply not merely to teachers of mathematics 
at secondary and collegiate levels, but also to those who are training such teach- 
ers. If a teacher is to carry out these purposes, he must have the background 
for it. If you will pardon me for perverting the modern educational scripture, 
he must not only know the student, he must also know his subject. By this I do 
not mean that a secondary teacher needs to know a great deal about differential 
geometry or topology or the calculus of variations. But he should be well 
grounded in the fundamental concepts of elementary mathematics. Unfortu- 
nately, he is frequently expected to absorb these fundamentals by osmosis. Too 
often, this process does not take place, and the prospective teacher emerges 
from his mathematics major with an equipment of heterogeneous techniques, 
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and little or no understanding of the historical development, philosophy, funda- 
mental concepts, nature, spirit, or even raison d’étre of his subject. 

A student in a democracy should learn that the worth of a scientific theory 
is not to be determined by authoritarian dictates, nor even by popular acclaim, 
but only by dispassionate and free inquiry into the evidence for and against it 
and for and against possible alternative theories. This is a difficult task in con- 
troversial subjects. What better training can there be for this task than initia- 
tion into intellectual honesty through mathematics where controversy is com- 
paratively absent and where standards of intellectual honesty are so high? And 
although there are certainly other objectives as well involved in the teaching of 
mathematics, is there a more important aim to be served in this perilous age 
when freedom of thought and expression is being assailed on all sides? 
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THE ORIGIN OF POLAR COORDINATES 
J. L. COOLIDGE, Harvard University 


1. The transformation of curves. The student of analytic geometry is likely 
to run across polar coordinates at some time during his first year’s study of the 
subject, first in the plane, later, perhaps, in space. He may note a certain variety 
of definition, some writers allowing the radius vector to be negative, others in- 
sisting that only positive values are allowable. Except for this possible am- 
biguity, the interpretation and utility of such coordinates are well established. 

The essential feature in the plane case is that the position of a point is per- 
fectly established by the values of two parameters, a distance and an angle. The 
introduction of this angle is the essential feature wherein the parameters differ 
from those adopted by Fermat and Descartes. We have a new coordinate system, 
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applicable to every point in the plane. It is therefore a curious fact that con- 
siderable application was made of these coordinates to the transformation of 
particular curves without noticing that what was involved was a new tech- 
nique, applicable to a variety of different questions. The first writer who should 
be mentioned in this connection is Bonaventura Cavalieri. In 1635 he published 
his highly original Geometria indivisilibus continuorum. In 1653 a second edi- 
tion appeared in Bonn [1]. This is described in the words “Jn hac postrema 
editione, ab erroribus expurgata” which leads one to conclude that errors in the 
first edition were corrected but there is no suggestion that new material was 
introduced. I t .cretore accept the thesis that the edition of 1635 included the 
material of Book VI which deals with the spiral of Archimedes. He seeks espe- 
cially the area within this curve. I will greatly shorten the labor by using dif- 
ferentials which, unfortunately, were first introduced nearly half a century 
later. Let the spiral have the equation which we should write 


r=lI¢ 
We compare this with the parabola 
y? = 
The relation between the two curves may be written 
(1) y=r, dx = rdo 
(2) = xdy. 


This shows that the area inside the spiral is equal to that outside the parabola. 
If we integrate from 0 to 2x7 and remember that since the time of the Greeks 
it was known that the area outside a parabola, beginning at the vertex, is one 
third the product of the Cartesian coordinates of the end point, that is to say, 
one third the area of the including rectangle, we get Cavalieri’s principal 
theorem, namely, that the area inside the first turn of the Archimedian spiral 
is one third of that of the circle whose radius is the radius vector to the end 
of the first turn. This is Archimedes’ 24th proposition in his book on spirals. 
Unfortunately there remains the slight possibility that Cavalieri was antic- 
ipated in this. In 1647 Saint Vincent brought out his Opus Geometricum with 
the claim that he had long been familiar with the method and had, in fact, 
explained it in 1625 to a certain Christopher Grienberger, who, unfortunately 
died in 1636 and so was not available in 1647. I will not go further into this 
unfortunate priority question, which is discussed at some length in Cantor [2]. 
There was a good deal of interest in the comparison of these curves, one of 
the curious being Pascal. He tells us in 1658 that Hobbes had supposed that the 
length of a parabolic arch was equal to a certain line segment but that Roberval 
had proved it equal to the arc of an Archimedian spiral. He goes on to say that 
Roberval’s demonstration was not “Absoluement convaingaint” and some 
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geometers believed that he had made a mistake. Pascal himself did not share 
their doubts, but that in order to convince the doubters, he would give a 
demonstration of his own [3]. This is based on Cavalieri’s transformation, 
though I find no mention of Cavalieri, nor have I found the appropriate passage 
in Roberval. We are told that Pascal’s demonstration was much admired; it was 
based on purely classical methods. When we come to writing differentials 
there is nothing to it. 


(3) =— ==. 


But it was known since the time of Apollonius that this represented the tangent 
of the angle between the ordinate of the parabola and the tangent. At cor- 
responding points on the two curves there were equal angles between the 
tangent to the curve and the ordinate or radius vector. But the elemert of arc 
of the curve is dr=dy times the secant of this angle. Hence corresponding arc 
lengths are equal; Pascal mentions the equality of angles as a corollary. 

The same transformation was introduced in 1668 by James Gregory in his 
Geometriae, pars universales [4]. Here is a general transformation between two 
curves called involutio and evolutio. The general idea is to start with a curve 
y=f(x) in rectangular coordinates, then bend the axis in such a way that its 
length is not altered but that ordinates perpendicular to this line become con- 
current. Here we have 


dx = 


ydx = f 


so that the area under the first curve is double the second. On the other hand 


so that corresponding angles between curve and ordinate or radius vector are 
equal. The equality of corresponding lengths comes also from 


dx? + dy? = + dr?, 


I should also mention at this place that polar coordinates were also known 
to Johann Bernoulli in discussing the spiral of Archimedes [5]. The logarithmic 
spiral was first found about this time by Descartes [6]. There is a very long 
discussion of various spirals by Varignon [7], based on the transformation 


(5) x = 


Here I should mention an error of Wieleitner who writes: “Bemerkenswerth ist 
dass er bei Behandlung von gewissen abgeleiteten Kurven die er, nach Jak 
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Gregory, Involuten und Evoluten nennt, ebenfalls in Anschlusse an Gregory 
diejenige Transformation von rechtwinkeligen zu Polarkoordinaten anwendet 
die wir heute mittels af =x, p=y ausdrucken und die bisher P. Varignon zuge 
schrieben wird” [8]. This is certainly Varignon’s transformation [5] but not 
Gregory’s [4]. 


2. Polar coordinates in the plane. The first writer to visualize polar co- 
ordinates as a means of locating any point in the plane appears to be Newton [9]. 
My attention to this was called by Boyer [10]. The work [9] appeared in 1736 
but was undoubtedly composed in 1671 and the underlying ideas had been in the 
author’s mind for some half dozen years already. A large section is devoted to 
the determination of tangents. To us this means finding the equation of the 
tangent, but to writers of the period from Fermat on, the essential thing was to 
construct the tangent by finding the subtangent, or the polar subtangent, a 
length cut on a perpendicular to the radius vector. Newton gives a good deal of 
attention to the case where he starts with the Cartesian equation, finding the 
answer in terms of the “fluxions” of x and y, and he remarks [9, p. 51]: “And 
from hence (I imagine) it will be sufficiently manifest by what methods the 
tangents to all curves are to be drawn. However, it may not be foreign to our 
purpose if I also show how the Problem may be performed when the curves 
are referred to right lines after any other method whatsoever, so that having 
the choice of several methods, the easiest and most simple may always be used.” 

We have here involved the very radical idea of using different sorts of 
parameters to locate a point in the plane, an idea which I shall return to in 
connection with Leibniz. Newton uses in connection with different curves the 
coordinates which we should write (r, y) the biopolar ones (nr, r2) (r, f(@)) where 
f is a simple trigonometric function, and, for spirals (r, a@) where a is a con- 
stant. But Newton does not seem to have gone further in developing these 
coordinates, so I turn to the man who is usually put down as their discoverer. 
This is James Bernoulli, who sees in them a means of locating any point in the 
plane. In the first article he is interested in showing the application of the new 
calculus of differences of Leibniz to that curve which is like a parabola except 
that the ordinates spring from a circle, not a straight line [11]. He uses x and y 
for his new coordinates, so we should write 


(6) y=a-?r, x = ag, y? = Ix. 


We might say that the radius vector does not spring from a fixed point but from 
a fixed circle, a correction which he makes later, but on pp. 436-437 we find some- 
thing really significant: 

“Differentiale arcus ad differentiale tangentis et secantis rationem habent 
cognitam; puta; ad differentiale tangentis quam quadratum radii ad qua- 
dratum secantis; et ad differentiale secantis quam quadratum radii ad rec- 
tangulum sub tangenti et secante.” 
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We should express this by the equations 
d tan @ = sec? odd; d sec @ = sec ¢ tan ddd. 


He speaks of these as known formulae. Who discovered them? The first is found 
in Barrow’s Geometrical Lectures, Lecture X, example 5. Did Bernoulli know 
of Barrow? This is not impossible as he speaks of Barrow in an article immedi- 
ately following where, incidentally, his radius vectors start from a fixed point, 
but it would be interesting to find out just who was the first to differentiate the 
elementary trigonometric functions. The credit for this is usually given to a 
considerably later writer, Roger Cotes [12]. Soon after this article Bernoulli 
returns to polar coordinates in an article dealing with an ostensibly very dif- 
ferent subject, the curvature of an elastic lamina [13]. Here he calculates the 
radius of the osculating circle to the general curve in polar coordinates. He 
writes y where we should write r, and x where we should write a@. If x be taken 
as independent variable he writes for the radius of curvature 


adr* 
dxdr* + dxdy* — ydxd*y 


He gives no proof of this but one is easily supplied when one remembers that 
the radius of curvature is 


ds 
——; tany=—- 
dp + dx dr 


Except for Newton’s determination of the tangent this formula of 1694 seems 
to be the first use of polar coordinates in connection with the general curve. 

It is time to make a short mention of Leibniz. He writes in 1692: [14]: 

“Ordinatim applicatas vocare solent geometrae rectas quotcunque inter se 
parallelas, quae a curve ad rectam quandam (directricem) usque ducuntur, 
quare cum ad directricem (tamquam axem) sunt normales, solent vocari 
ordinatae xar’eoxnv. Desarguesius rem prolatavit et sub ordinatim applicatis 
etiam comprehendit rectas convergentes and unum punctum commune aut ab eo 
divergentes. Et sane parallelae sub convergentibus aut divergentibus compre- 
hendi possunt, fingendo punctum concursus infinite ab hic distare. Verum quia 
multis aliis modis fieri potest, ut infinitae dici intelligantur lineae secundum 
legem legem quandam communem, quae tamm non sint parallelae, vel con- 
vergentes ad punctum, aut a puncto omnibus commune divergentes, ideo nos 
tales lineas generaliter vocabimus ordinatim ductas, vel ordinatim (positione) 
datus.” He means by this that lines constructed by any established rule may 
be called ordinates, and presently gives as an example solar rays that have been 
reflected or refracted according to some definite law. He has a much wider view 
of what may be called ordinates, though they are still straight lines. There is no 
reason to suppose that Desargues had any idea of polar coordinates, though he 
did clearly realize the concept of a point at infinity. 


| 
fi q 
| 
| 
Cc 
| Cc 
! d 
Pp 
a a 
h 
il 
| t! 


1952] THE ORIGIN OF POLAR COORDINATES 83 


Before passing into three dimensions, I should just mention Jacob Hermann. 
[15]. His three coordinates are r, r cos $, 7 sin @ not far from the Cartesian 
system. 

The meaning of polar coordinates was also well expressed by Euler some- 
what later, that is to say in 1748, when he wrote “Natura harum curvarum 
commodissime explicatur per aequationem inter cujusque Corvae Puncti Ma 
centro C distantium CM, et angulum ACM quaere haec recta cum recta posi- 
tione data CA constituit” [16]. 


3. Polar coordinates in space. The development of polar coordinates in 
three space lags well behind that in the plane. This is not surprising. Plato in 
the Republic complains bitterly of the “ridiculous state” of three dimensional 
geometry compared to the high development of geometry “in plano” and a 
corresponding lag is found in the analytic geometry of Descartes. Take our 
present case of polar coordinates. There is some doubt as to even what the 
words mean. A. P. Rogers in a note to the fifth edition of Salmon’s Geometry 
of three dimensions distinguishes between polar coordinates, and radio-angular 
ones, and I will maintain his distinction, though with some doubts as to its 
validity. 

It is usual to give a credit for discussing either of these systems to Jean 
Baptiste Clairaut, though this apparently is for what he might have done, not 
what he actually accomplished which seems to have been nothing at all. We . 
find him writing: [17] “A l’égard des courbes 4 double courbure, dont les 
coordonnées partent d’un point, ou dont les coordonnées représentent des lignes 
courbes, elles demandent une méthode particuliere, et peuvent fournier le sujet 
d’un autre Traité que je compte donner au public.” The public never saw his 
proposed Traité, perhaps the eighteen year old author was frightened at the 
thought of undertaking it. He apparently had in mind “lineae ordinatim 
applicatae” that radiated from a fixed point, how he meant to deal with the 
angles does not appear. 

We naturally turn to Euler. Strangely enough we find nothing in his 
Mechanica of 1736, but in the Introductio of 1748 we find the famous Euler angles 
and @ [18]. He introduces these in various places, notably in [19] where we 
have the relations to Cartesian coordinates expressed by the equations. 


(7) y=u—ssindcos{, 


' years later Lagrange brings in the same variables, with slightly different 
ao.ation with the comment “Une des transformations les plus utiles et les plus 
ordinaires” [20]. 

When it comes to radio angular coordinates we must turn to Euler again. 
We find in his “Theoria motus corporum” [21] the angles a, 8, y connected by 
the obvious equation 
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cos? a + cos? 8 + cos? y = 1 
so that 
x =rcosa, y = 3 = 7 COS ¥. 


This notation became classic, especially with French writers. Half a century 
later we find Monge writing the coordinates of the foot of the perpendicular 
from the origin on the plane 


Ax+ By+Cz:+D=0 
in the curious form 


“8 B A 
cos = ; cos = cos = - 
VA? + C? VA? + C? VA? + B?+C? 
As between polar and radio-angular coordinates it is fair to notice that the 
former are more compact and involve only a minimum number of variables, 
the latter are more symmetric, and in fact are called by some writers “sym- 
metric polar coordinates.” In conclusion it is perhaps worth mentioning another 
ay compact form of coordinates due to Ossian Bonnet [23]. They are useful in 
studying the geometry of the oriented plane [24]. 
r(a + 8) ri(B — a) r(ap — 1) 
+1 oB + 1 + 1 
The independent variables are, two of them, the parameters for the rectilinear 
generators of a sphere, which may seem a bit esoteric to some geometers. We 
may compare the squared distance element in the three systems 
d? = + s*(d6? + sin? 6d¢?) 
d? = + r*(sin? ada? + sin? ydy?) 
4s*dadB 
d? = dr? + 
(aB + 1)* 


References 


1. Geometria indivisilibus continuorum, P. Bonaventura Cavalieri Bonn, 1653, p. 436. 

2. Cantor, Geschichte der Mathematik, Second Ed., vol. 2, Leipzig, 1900, p. 850. 

3. Pascal, Oeuvres, Edition Brunschwicg, Boutroux aud Grazier, vol. VIII, Paris, 1914, pp. 
250 ff. 

4. James Gregory, Tercentenary Memorial Volume, London, 1939, pp. 493 ff. 

5. Die Differentialrechnung von Johann Bernoulli im Jahre 1691-92, Leipzig, 1926, p. 27. 

6. Descartes, Oeuvres, Edition of Adam and Tannery, vol. II Correspondence, Paris, 1898, 
p. 360. 

7. Varignon, Nouvelle formation des spirales, Histoire de l’Académie Royale des Sciences 
Year 1704, Paris, 1745, pp. 70, 71. 

8. Wieleitner, Geschichte der Mathematik, Part II, vol. 2, Berlin, 1921, p. 23. 

9. Newton, The Method of Fluxions, London, 1736. 


t 
| 
| I 
| 
| 


1952] DIFFERENT DISTANCES DETERMINED BY ” POINTS 85 


10. Boyer, Newton as an Originator of Polar Coérdinates, this MONTHLY, vol. 56, 1949, pp. 
73-78. 

11. Bernoulli, Spécimen calculi differentialis in dimensione parabolae helicoidis, Acta Erudi- 
torum, 1691, Opera Genva 1744, p. 431. 

12. Cotes, Harmonia mensurarum, London, i722. Cf. Cantor, Vol. I, Second Ed., vol. III, 
p. 413 and Von Braunmiihl, Geschichte der Trigonometrie, Leipzig, 1903, vol. II p. 79. 

13. Bernoulli, Curvatura laminale elasticae, Acta Eruditorum, 1694, Opera vol. II, p. 578. 

14. Leibniz, De lineis in lineis in numero ordinatim ductis, Acta Eruditorum, Leipzig, 1692, 
Schriften, Edition Gerhardt, Part 2, vol. I, p. 266, Leipzig, 1858. 

15. Jacob Hermann, Consideration Curvarum etc. Commentarii Academiae Petropolitanae 
IV, 1729, pp. 37 ff. 

16. Euler, Introductio in Analysin infinitorum, vol. II, p. 301 Opera IX, p. 305. 

17. Clairaut, Recherches sur les courbes 4 double courbure, Paris, 1731, last page of In- 
troduction. 

18. Euler, Introductio in Analysin infinitorum, vol. II, p. 366, Opera XI, p. 349. 

19. Euler, De solidis quorum superficies in planum explicare licet, Novi Commentarii Petro- 
politanae, vol. 16, 1771, p. 11. 

20. Lagrange, Sur l’attraction des sphéroides elliptiques, Memoires de l’Académie de Berlin, 
1773, Oeuvres vol. 3, Paris, 1869, p. 305. 

21. Euler, Theoris Motus corporum, Opera Series 2, vol. 3, p. 307. 

22. Monge, Feuilles d’analyse appliquées 4 la géometrie, Paris, 1801, pp. 5, 6. 

23. Bonnet, Memoires sur l’emploi d’un nouveau systéme de variables, Liouville, vol. 5, 1860. 
Much better in Darboux, Théorie générale des surface, vol. I, Paris, 1887, pp. 245 ff. 

24. Coolidge, Equilong Transformation of Space, Transactions American Math. Soc., vol. 
IX, 1908. 


ON THE DIFFERENT DISTANCES DETERMINED BY n POINTS* 
LEO MOSER, University of Alberta 


1. Introduction. distinct points will always determine (5) distances. 


However, many of these may be the same. We are concerned here with the 
number of different distances determined. Let f(m) be the least number of dif- 
ferent distances determined by m points in a plane. The vertices of an equilateral 
triangle show that f(3) =1 and from the square and the regular pentagon one 
easily sees that f(4) =f(5) =2. P. Erdés** has shown recently that 


(1) cn/V/logn > f(n) > /n—- 1-1, 


where c is a fixed constant. The upper bound was obtained by considering the 
points of a square lattice. Erdés conjectured that f(m) >n'~* for every €>0 and 
n sufficiently large. The smallness of the lower bound is therefore rather striking. 


* The author wishes to express his thanks to Professor A. Brauer for his valuable suggestions 
and kind assistance in preparing the manuscript. 
** P. Erdés. On Sets of Distances of m Points. this MONTHLY, pp. 248-250, Vol. 53, 1946. 


i 
: 
| 
r 
} 
: 
| 
| 
ig 


86 DIFFERENT DISTANCES DETERMINED BY ” POINTS 


Nevertheless Erdés wrote that he had long sought to improve it without suc- 


cess. In Section 2 we will prove Theorem 1: 


(2) 


If the m points form the vertices of a convex polygon, then the least number 
f*(n) of different distances determined is much larger. In this case Erdés con- 


jectured that 
(3) 


which is strongly suggested by the vertices of the regular polygons, which show 


f(n) > 


279 


1. 


f*(n) = [n/2], 


that f*(n) < [n/2]. In Section 3 we will prove Theorem II: 
(4) f*(n) = [(n + 2)/3]. 


2. Case of » arbitrary points. We first prove two lemmas. 


LemMA 1. Let r be a positive integer, € a real number, 0<e1. Let P be the 
point (r+e,0) and Q and R two points in the first quadrant, equidistant from P, and 
whose distances from the origin lie between r and r+1. Then QR <2. Note Figure 1. 


Proof. Let the circle with center at P and passing through Q and R, crt the 
circles x?+-y?=r? and x+y? =(r+1)? in Q(x, y) and Ri(x+Ax, y+Ay), respec- 
tively. Clearly Q,R,2AR so it will suffice to show that Q,R, <2 or Ax?+Ay?<4. 


We have 

(5) = 7? 

(6) (~ + Ax)? + (y + Ay)? = (7 + 1)? 

while PQ, = PR, yields 

(7) (sx—r—6? + y? = Ax + (y + Ay)* 


BOA 


Fic. 1 
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Simplification of (7), using (5) and (6), yields 


a 14 1 — 2e 

8) 

so that 
1 1 

(9) 1-—— <Ax<1+—Ss 3/2. 
2r 2r 


It is interesting to note that Ax is independent of PR. From (5) and (6) we 
have 


(10) 2x-Ax + 2y-Ay + Ax? + Ay? = 2r+ 1. 
Further, we may assume Ax?+Ax? > 3, for otherwise our lemma is proved. Hence 
(11) Ax+yAy<r—1. 


Now, using the left hand side of (9) to estimate Ax and the fact that x Sr and 
x20, we obtain from (11) 


The lemma now follows from (12) and the right hand side of (9). 


Fic. 2 


LEMMA 2. Given two points A and B and n other points P;, Po, +++, Pr, 
lying on, or to one side of the line AB. Of the distances AP;, AP2, +++, APn, 
BP,, BP2, ++, at least /n are distinct. 


Proof. Consider all semicircles to one'side of AB having centers at A and B 
passing through the points Pi, Pe, ---, P, (Fig. 2). Let the number of distinct 
semicircles with centers at A and B bea and }, respectively. If max {a,b} =W/n 
the lemma is clearly true. If, however, a<+/n and b< +/n then the number of 
intersection points is at most a-b<+/n-+/n=n, since any two of the semicircles 
intersect at most once. But this yields a contradiction since each of the n distinct 
points P;, P2,---,P, is an intersection point of two of these semicircles. 
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Hence the lemma is proved. 

We note that this lemma is best possible in that, in it, it is not possible in 
general to replace \/n by a larger number. Further, we note that by choosing 
A and B to be consecutive points on the convex cover of the set of m points the 
lemma yields 


(13) = Vn 2, 


which is already a little better than the right hand side of (1). Indeed, from 
(13) and the regular heptagon we may deduce that f(7) =3. 

We proceed to the proof of Theorem I. Let A and B be two points determin- 
ing the minimum distance in the set of m points. Let us denote this distance by 
2. One of the half planes determined by AB, including the points on the line 
AB, contains at least m/2 points. Henceforth we will deal only with these 
points. Let O be the midpoint of AB. With center at O we construct semicircles 
of radii 1, 2, 3, - - - cutting the half plane into half-annular boxes which we 
make open on the inside and closed on the outside (Fig. 1). Let s be a number, 
not necessarily an integer which for the present we restrict only by 1Ss<n. 
We consider 2 cases. 

Case 1. Some box contains at least s points. 

Case 2. No box contains as many as s points. 

In Case 1, we take a box containing at least s points. This we cut into two 
equal parts by a line through O, and retain only one half which contain in the 
interior or on its boundary at least s/2 points. Let P be a point in this region 
(Fig. 1) making the angle AOP as small as possible. Suppose there are two 
other points Q and R in the region equidistant from P. By Lemma 1 we have 
QR <2, which contradicts the fact that 2 is the minimum distance determined. 
Hence, no two points in the region are equidistant from P. We obtain therefore 
at least s/2—1 different distances determined from P so that, in Case 1, we 
have 


(14) f(n) = 
In Case 2, we divide the half-annular boxes into 3 classes, putting a box in 


class 7 if its outer radius r= (mod 3), i=1, 2, 3. Now if A and B are excluded, 
at least one of the classes will contain at least the following number of points: 


We retain now only A and B and the points of such a class of boxes. If d is any 
distance determined between A or B and any of the points of our class in a box 
outer radius 7, then, 


r—-2<dsr+i, 
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while for a distance d’ determined between A or B and a point of a neighboring 
box of the class, say the one of outer radius r+3, 


r+1i<dsr+4. 


Hence, there will be no overlap of distances determined between A and B and 
the points of the retained ith and jth boxes, respectively, for i. e. i#j. Suppose 
now that there remain A and B and ¢ non-empty boxes containing m, m2, -- -, 
n, points. Then by our Lemma 2, and the above remarks, we have 


(15) f(n) = Vm + Vit + 
n » 2 
(16) Smt +m, 
moreover 
(17) S> Ni, t= 1,2,3,-+-,4, 


since no box contains as many as s points. 
Now, by a well known inequality, 


(18) 24/ = 


so that the right hand side of (15) is not increased by replacing m; and n; by 
their arithmetic mean. Hence, in seeking a lower bound for f(m), we may take 


19) 2 
( 
By (15) and (19), we have 
But now (17) and (19) give 

n—2 
(21) t= 
so that, by (20) and (21), we have 


If we now combine (14) and (22), we obtain, in any case, 


(23) min {= — 1, ah, 1Sssn. 
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To obtain the best value for s we let s/2=n/6+/s and find s=n?/*/*/9. This 4 
value of s in (23) yields (2). Thus, we have completed the proof of Theorem I: 


20/9 
This is better than the right hand side of (1) for n>5184. . 


f(n) = 1. 


3. Convex Case. We now turn to the case where the m points form the 
vertices of a convex polygon, our object being to prove (4). First we consider 
the following 


LemMa 3. Let A and B be two points at the vertices of a sector of a circle less 
than or equal to a semicircle. Let Pi, P2, +++, Pm be m other points inside or on 
the sector. If all the points considered form the vertices of a convex polygon, then from 
A (and from B) exactly m+-1 distances are determined. 


Proof. lf AP;=AP, then clearly, AP;-BP; cannot be part of a convex 
polygon. Note Figure 3. 


B 


Fic. 3 


Now consider the smallest circle containing our m points. If only two points 
lie on this circle, then they must be diametrically opposite. In this case, one of 
the semicircles will contain at least (n+1)/2 points in or on it, and Lemma 3 
will yield 


rn) > [=], (n 3). 
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| Suppose then, that at least 3 points lie on the circle. We can then find three 
2 points A, B, C, on it which form a triangle having no angle greater than 7/2, 
for otherwise the circle could be further contracted by shifting it in the direc- 
tion of the angle greater than 7/2 (since the center of the circumscribed circle 
is in the exterior of the triangle). Since our points are the vertices of a convex 
q polygon, there are no points inside the triangle A BC, and hence at least one of 
the sectors determined by AB, AC, BC, will contain at least [(m+5)/3] points 
in or on it, so that by Lemma 3 we obtain Theorem II: 


frln) 2 [=]. 


NOTE ON A SECOND FUNCTIONAL EQUATION, CONNECTED 
WITH THE FUNCTION ¢(z) 


HARI DAS BAGCHI, anp PHATIK CHAND CHATTERJEE, Calcutta University 


It is known* that the Weierstrass function (2) satisfies the functional 
equation: 


{ f(x) — f(y) }? 


We propose to determine all the analytict solutions, having at most poles in 
the finite plane. If f(x) satisfies (1), so does f(x)-+c where c is an arbitrary con- 
stant. To within this additive constant we shall show that the only solution is 

It is clear that f(x) must have a pole at x =0, since otherwise as x—y, the L.S. 
of (1) would remain finite for general y, whereas the R.S. would become infinite. 
Hence 


(1) f(x+ = 


g(x) 


x” 


(2) f(x) = 


where n is a positive integer and g(x) is regular and not zero at x =0. 
Divide (1) by 2y and let y-0. We obtain 


y{ f(x) — f(y) 


and on using (2) (for the variable y) it is easily calculated that, in order that 
the limit on the right may exist and have the right value, we must have n=2 


* See Whittaker & Watson, Modern Analysis, (1915), Ex 1, p. 449. 
t On clearing (1) of fractions, the new functional equation has the solution f(x) =const.; but 
this trivial case is ruled out. 


1 7 ‘ 
f(a) = tim [ 
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and g(0) =1. 
Again, interchanging x and y in (1) we see that 


f(x — y) = fly — 


so f(x) is an even function. Consequently 
1 

(3) f(a) + Wx), 
x 


where h(x) is an even function, regular at x =0. Since we already know that toa 
solution can be added an arbitrary constant, it is no restriction to assume, as 
we now do, that h(0) =0. 

Let x be in a region of regularity of f(x); so that, for y small, the functions 
f(x+y) are regular and can be expanded in power series in y: 
(r) x 
fet 


r=0 


Using this and (3) (for the variable y) in (1), we obtain: 


= f(x) {-2+ 


and on equating coefficients of y? on both sides and using h(0) =0, we get the 
differential equation: 


f'(x) = 12f(x)f'(x). 
A first integration yields: 


= 6{ f(x)}? — dee, 


where g2 is an arbitrary constant; and on setting u=f(x), we have: 


du\? 


where g; also is an arbitrary constant. Thus 


dt 
u — got — gs 


since u> ©, when x0; so f(x) coincides with (x). 

The desired result is thus obtained. 

In conclusion we beg to express our heart-felt gratitude to the learned referee 
for his valuable suggestions and constructive criticisms, which have been of 
particular aid in the preparation of this paper. 
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MATHEMATICAL NOTES 


EpITEpD By F. A. FicKEN, University of Tennessee 


Material for this department should be sent to F. A. Ficken, University of Tennessee, 
Knoxville 16, Tennessee. 


POSTULATES FOR BOOLEAN ALGEBRA 
D. G. Urbana, Illinois 


1. Introduction. This note will present a set of seven postulates for Boolean 
Algebra in terms of the ring operations. This set, like a recent short set of 
Byrne’s [1], has only four transformation axioms, and they seem to be some- 
what more familiar in appearance than those of Byrne’s. The set is somewhat 
more condensed than the standard sets [2], [3], [4], and is just as workable. Its 
practicality will be exemplified in §3 where equivalence to a standard set will be 
demonstrated. 

Consistency and independence examples will be exhibited. These examples, | 
except the one for A, have only two elements. Hence when A is modified to read, 
“There are exactly two elements in K,” this formulation will also be an inde- 
pendent set of postulates for the Two-valued Logic. 


2. The postulates. The undefined ideas for this formulation are: A class of 
elements K; a binary operation -, called logical multiplication; and a binary 
operation +, called ring addition. For brevity a-6 will be written ab. Prefix to 
E, F, and G, “Whenever the elements and combinations indicated belong to 
K....” The postulates follow: 

. There are at least two distinct elements in K. 

. ab is a unique element in K if a and 6 are in K. 

. @+5 is a unique element in K if a and 0 are in K. 

. There exists an element 1 in K such that for every a, al=a. 
. a+(b+5) =a 

. [a(bd) ]c=(cb)a 

. a[(6+c) +d] =a(d+c) +ab* 

Postulates F and G indicate how the most familiar axioms can be combined, 
the associative, commutative, and idempotent laws for multiplication all being 
brought together in F, the distributive law and the associative and commutative 
laws for addition being combined in G. For this reason, the above set may have 
some pedagogical uses. 


3. Equivalence. This set will be proved equivalent to one due to B. A. Bern- 
stein [2]. 
The necessity part can be easily verified by the reader from Bernstein’s set. 
The sufficiency will be shown in the following ten theorems. 


* I am indebted to Prof. H. E. Vaughan for his helpful advice, especially in pointing out this 
simplified version of G. 
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3.1 ab=ba 
For ab= [a1 ]b= [a(11) ]Jo=(61)a=ba 
by D, D, F, D. 

3.2 la=a by 3.1, D. 

3.3 aa=a 


For aa=1(aa) = [1(aa) ]1=(1a)1=1a=a 
by 3.2, D, F, D, 3.2. 
3.4 a(bc) =b(ca) 
For a(bc) = (bc)a = [b(cc) ja = (ac)b = b(ac) = (ca) 
by 3.1, 3.3, F, 3.1, 3.1. 
3.5 a+b=b+a 
For a+b=1(a+b) =1([a+(1+1)]+5) =1[b+(1+1)]+1¢ 
= [b6+(1+1)]+a=b+a 
by 3.2, E, G, 3.2, E. 
3.6 a+(b+c)=b+(c+a) 
For a+(b+c) =(b+c) +a =1[(b+c)+a]=1(a+c)+1b=(a+c)+b 
=b+(a+c)=b+(c+a) . 
by 3.5, 2.2; G, 2.2, 35, 34. 
3.7. a(b+c) =ab+ac 
For a(b+c) =a({b+(1+1) ]+c) =a[c+(1+1) ]+ab=ac+ab=ab+ac 
by E, G, E, 3.5. 
3.8 (a+a)+b=6 by E, 3.5. 


DEFINITION I a’=1+a 


3.9 a’ isin K by Definition I, D, C. 

3.10 (a+a’)b=b 
For (a+a’)b= [a+(1+a) ]Jb=[1+(a+a) ]b=1b=5 
by Definition I, 3.6, E, 3.2. 


This completes the proof of sufficiency since C, 3.6, 3.8, B, 3.4. 3.3, 3.7, 3. 9, 
3.10, and A are Bernstein’s P,— Pio respectively. 


4. Consistency and independence. The consistency and independence of 
A-G will be proved by the systems in the table below. So is the consistency sys- 
tem. S, is the independence system for postulate A, etc. Any blanks in the sys- 
tems mean that there is no element of K for that particular operation. 


-{0 1 
So K=0,1 0 1 
1/0 1 0 
-|0 0 
0/0 


of 
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01 1 
Se K=0,1 6 0101 
1 1/1 0 
-101 +101 
Se K =0,1 “0/0 0 “0/0 1 
1/0 1 1} 1 
1 
Bs K =0,1 “0/0 0 1 
1/0 0 1/1 0 
-101 
Ss K =0,1 “0/0 0 “0/0 0 
1/0 1 1/0 0 
01 2 
S» K =0,1 “0}0 0 “0/0 0 
1}1 1 1 
01 
Se K=0,1 “010 0 “0/0 0 
1/0 1 1111 


5. A related briefer set. It is possible to transform A-G into an equivalent 
six postulate set by replacing D by D’, and by consolidating F and G into F’. 
D’ written in full is 
D.’ There exists a 1 in K such that for every a in K 
a. al=a 
b. 1a=a* 
The postulates briefly stated are: 
A. K has at least two distinct elements. 
B. ab isin K. 
C. a+6 isin K. 
D’. a1=1a=a. 
E. a+(b+6) =a. 
F’. ([a(bb) Jc) [(d-+e) +4] = [(cb)a] [f+-e]+ [(cd)a]d. 
The set A-F’ can easily be derived from A-G. Postulates A-G can be de- 
duced from A-F’ in the following four steps. 


* This sort of postulate which has two subsections has been used, for example, by E. V. Hunt- 
ington in “Sets of Independent Postulates for the Algebra of Logic,” Trans. Am. Math. Soc., vol. 
5, 1904, pp. 288-309; and by B. A. Bernstein in “A Simplification of the Whitehead-Huntington 
Set of Postulates for Boolean Algebras,” Bull. Am. Math. Soc., vol. 22, 1916, pp. 458-459. 
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1. G by setting b=c=1 in F’. 
ui. a(1+1)=a+a by setting b=c=d=f=1, e=1+1 in F’. 
tii. a+b=b+a by setting a=b=c=1, e=1+1 in F’. 
wv. F by setting d=e=f=1, and using 7 and 111. 
This proves the equivalence of the two sets. 
The independence of A-F’ is given by the systems Su, Ss, Sc, Sp, Sz, Sr, re- 
spectively. 
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POLYNOMIALS HAVING A ROOT APPROACHING x 
Mark Lorxm, Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


In the course of examining a new quadrature formula we were led to the 
study of sequences of polynomials with the interesting property that one of their 
roots approaches 7. 

The object of this note is to show how these polynomials arise, and to dem- 
onstrate the property mentioned above. 

The quadrature formula* 


= 


= (h/2)(fo + fa) + (h2/10)(fo — fi) + (48/120)(fo’ + fi’) + R, 


with x1=xo+h; fly = (dif/dx').-2,;1=0, 1, 2;7=0, 1; ff =f;, is highly accurate; 
an estimate of the error R is given by 


(1) 


| R| (#7/100,800) max | f(x’)|, Sa’ Sm. 


Let us apply our formula to f(x) =cos x, xo=0, 11=h=7/2*, for k=1, 2, 3, 
; obviously: 


(2) I(k) = & cos tdt = sin hy. 
0 


On the other hand, by (1), making use of 


* See M. Lotkin, A New Integrating Procedure of High Accuracy, to appear soon in the 
Journal of Mathematics and Physics. 
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1+ cos h, = 2 cos. herr, sin hk, = 2 sin cos 


I(k) = — hy, /60) cos. + 10) sin cos Any, + R. 


Consequently, because of (2), 


E(k) = cos — h,/60) COS — 2(1 — hy/10) sin + R = 0. 
It may thus be concluded that the cubics 


(3) E(k, x) = «(1 2/60) cos — 2(1 — sin = 0, 


with x,=x2-*, have at least one real root x which approaches the value 7 as k 
becomes unbounded. 


This fact may also be recognized independently of the foregoing in the fol- 
lowing manner: Realizing that 


1 — 24/10 = 6(1 — 4/60) — 5, 
equation (3) may be expressed as 


(4) (1 — COS — 12 sin + 10 sin hey: = 0. 


Now, as k becomes large, sin hy41, cos hi+1 approach 0, 1, respectively, and the 
values of x, are seen to approach + +/60 and zero. 


Only the root & for which lim,... (£2-*) =0, has a finite limit A. For this root 
we get by (4) 


whence 


The rapidity of convergence is indicated in the table below, showing the 
values of & for k=1, 2, 3, 4, 5. 


s 1 2 3 4 5 
3.142 3.1416  3.1415928 3.14159 2654 3.14159 26536 


In computing these values use was made of the relationships 
cos = (1/2)V2 + V2+ +--+ V2 (V2 repeated & times) 
de * = 
While formula (1) gives rise to the cubics (3), the weaker formula 


I(h) = (h/2)(fo + fr) + (h*/10)(fo — fi) 


| 
F 
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clearly leads to the quadratic equations 
(6) (Xe sin + 5 cos hiss) — 10 sin Near = 0. 


Here, too, we have a root 7 for which lim (/2*) =0; for this root » again clearly 
(5) holds, so that n=7. 


' SUMS AND PRODUCTS OF NORMAL NUMBERS 
J. E. MAxFIELp, University of Oregon and Naval Ordnance Test Station 


It is known that the product of a normal number and a rational number and 
the sum of a normal number and a rational number are normal [3]. Also the set 
of numbers normal to the base 7 is not closed under addition since it follows eas- 
ily from the definition that 0 is not normal and that if x is normal then —~x is 
also normal. The purpose of this note is to prove that every number is the sum 
(product, if #0) of two normal numbers in at least one way, and incidentally to 
show that the normal numbers are not closed under multiplication. 


DEFINITION 1. A number ¢@ is simply normal to the scale r if in the decimal 
expansion of ¢ to the scale 7 limn.. "-/n=1/r, for each c, where n, is the number 
of occurrences of the digit c in the first digits of o. 


DEFINITION 2. A number @ is normal to the scale r if ¢, ro, ra, - - - are each 
simply normal to all the scales r, r?,---. 


THEOREM. A number a is the sum [product for a0] of two normal numbers 
in at least one way. 


Proof: The theorem is immediate for a=0. Let a0. Let N be the set of nor- 
mal numbers, N* the set of abnormals or non-normals. The set N* is of measure 
zero [2]. Define f(y) =a—y [f(y) =a/y, for a?/2<y<2a"/?]. These mappings 
and their inverses are absolutely continuous. Thus there exists ¢, a normal num- 
ber, such that a—o [a/c] is normal. For assuming the contrary, every a—o 
[a/a] would be in N*. By a theorem of Caratheodory [1, page 538, Theorem 2], 
the set N would have measure zero. This is a contradiction. Thus there exists a 
from N such that f-!(¢) is normal, and f-!(¢) =a [of-(¢) =a]. 


CoROLLARY. The set of numbers normal to the scale r is not closed under multi- 
plication. 


Proof: The proof is immediate. 
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CORRECTION 
E. M. Wricat, University of Aberdeen 
The following corrections should be made in my note “A Prime-Representing 
Function” in the November 1951 MonrTHLY: 

1. Page 617, line 4: Replace “Ingham [2]) is fairly deep” by “Ingham 
[4]) is fairly deep.” 

2. Add to the list of references: 4. A. E. Ingham, On the difference be- 
tween consecutive primes, Quart. Jour. of Math., vol. 8 (1937), pp. 255-266. 


CLASSROOM NOTES 


EpiTEp By G. B. THomas, Massachusetts Institute of Technology 


All material for this department should be sent to G. B. Thomas, Department of Mathe- 
matics, Massachusetts Institute of Technology, Cambridge 39, Mass. 


STUDENT’S CHOICE IN MATHEMATICS—FUNDAMENTAL REASONING OR 
BLIND SUBSERVIENCE TO RULES 


M. R. SPIEGEL, Rensselaer Polytechnic Institute 


In a recent note (this MONTHLY, vol. 58, p. 188), F. Hawthorne proposed 
the following simple endpoint maxima and minima problem: 

Find that point on the circle x?+ y?=1 which is nearest to (2, 0). As he states 
“the unsuspecting student sets up this problem using x as independent varia- 
ble and obtains for the square of the distance from (x, y) to (2, 0)” the quantity 
L*=5—4x. Differentiating and equating the result to zero, the student obtains 
—4=0. He is baffled. But why should he be? The reason, of course, is obvious. 


- He has been taught in his calculus course a rule which he must memorize and 


apply blindly. To find the maximum or minimum—differentiate and set equal 
to zero. A machine can be designed to do the same. 

If the student were taught some of the fundamental concepts of the calculus 
instead of blind subservience to rules and formulae, he might realize that his 
supposedly sacred rule does not apply in this case. He might be taught after 
discovering his predicament, to reason, for example, as follows. L?=5—4x is a 
positive quantity to be made as small as possible. This can be accomplished by 
making x as large as possible. Since, x?+-y?=1, x will be largest when y=0, in 
which case x = 1. Thus, the required point is (1, 0). He has not used calculus per 
se in the sense that he has not taken a derivative. He has, nevertheless, used 
calculus concepts. 

Of course this fundamental reasoning cannot be acquired by the student in 
a day. He must receive constant practice in such approaches to problems. I 
believe that this blind attitude on the part of the student is but one of the sad 
consequences of some of our teaching methods discussed by M. Richardson in 


a 
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his article (this MONTHLY, vol. 58, p. 182) in which he endeavors to encourage 
more teaching of fundamentals in our undergraduate courses. 

It may be interesting to quote a more elementary example of our student's 
desire to obtain results from memorized formulae rather than by fundamental 
reasoning. I pose the following problem: 

A motorist drives from New York to Troy at an average speed of 30 miles 
per hour and from Troy to New York (being in a hurry) at 60 miles per hour. 
What is his average speed for the entire trip assuming that the distance travelled 
from New York to Troy is the same as from Troy to New York? 

I have given this problem to many students (to say nothing of some high- 
powered professors—not in mathematics, of course), and all of them have given 
the wrong answer. What?—did you say 45 miles per hour? Perhaps then, you 
had better try some fundamental reasoning too. 


GENERALIZATION OF CLAIRAUT’S DIFFERENTIAL EQUATION 
W. H. Witty, Winona, Miss. 


The purpose of this note is to show the existence of a differential equation 
of the mth order whose solution is obtained by the same method as Clairaut’s 
equation. After differentiation it will have as a factor y+, Clairaut’s equation 
is the special case where n= 1. 

The equation 


upon differentiation yields 
(2) + = 0, 
From the vanishing of the second factor we obtain 
y= 


yo) = 61% + Ce 


Substitution of these values into (1) leads to 


° 
n—2 n—3 
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1)! 2)! — 3)! 3!(n — 3)! 
 (~i)** 
Jas 
1 1 
(n — 2)! 
This reduces to 
cox”! 


(3) y= = + cae + fcr), 


(n — 1)! 


which is the general solution. 

Considering the other factor on the left in (2) we note that it is 0(1)/dy™. 
By eliminating y™ from the two equations 0(1)/dy™ =0 and (1) =0 we obtain 
the y™ discriminant. Thus 


(- 
+ = 0. 
If this can be solved for y™ we get 
y™ = G(x). 
Substituting this in (1), and rearranging, we have 
(-1) 
4 $$ (2-1) 
(4) 


This is a Cauchy linear differential equation and can be easily solved. It has a 
singular solution of the form 


where I(x) is the particular integral. 
As an example we take the differential = 


x? 


— «y+ y = H(z). 


(6) rr 


whose general solution by (3) is 


y= + +c 


3! 


44 
S 
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and whose singular solution by (5) is 
x 
1440 


y = ax? + ax — 


which satisfies both (1) and (4). 


THE LIMIT FOR e 


RicHARD Lyon and MorGANn Warp, California Institute of Technology 


The following way of showing that (1 + 1/n)" tends to e as m tends to 
infinity seems simpler than the current proofs in elementary texts. 
Define e as lim,... >.o1/r! Then the result is evident from the inequality 


n=3 
or! n 


This inequality may be proved as follows. Assume n2=3. Then by the bi- 
nomial theorem, 


Clearly 
1 2 r—1 
n n n 
Hence 
n 1 n 1 1 n 
2+ >(1+-) 


4251-55". 


n n n 
Hence 
n 


and so on. Consequently if r22, 


. 
i On the other hand, 


ry 
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1 2 1+2+3+-::-: 
n n n n 
—1 
r(r ) 
2n 


with equality only when r=2. Consequently since n2=3 


2n r! 2n 
>> —-—> since — is less than 3. 


AN ELEMENTARY INTEGRAL 


A. W. WALKER, University of Toronto 


The logical approach to the integral fdx/./x?+ ¢ is, of course, through 
hyperbolic functions, but it is often desirable to postpone the introduction of 
these until a later stage of the student’s mathematical development. Most texts 
simply include the result in a preliminary table of basic forms, remarking that 
it can be verified by differentiation; the writer feels, however, that it is prefer- 
able to limit this table to an absolute minimum, concentrating instead on the 
standard techniques by which a wide variety of integrals can be reduced to 
these basic forms. 

A suggested classroom procedure for discussion of this integral is as follows: 
—(a) Make the substitution ./x? + c=u and show that this method breaks 
down when applied in the usual way. (b) Make a trigonometric substitution 
(reminding the class of the success of this method for integrals involving 
Va*—x*). Show that this method is not so successful here, and remark that 
this is not surprising, because the answer does not involve inverse trigonometric 
functions. However, our efforts have not been wasted, for we see how we can 
obtain the values of fsec udu, fcsc udu as soon as our present problem has 
been solved. (c) Show how the technique in (a) can be made to work in two ways, 
as follows: 

(i) First, make the “reciprocal substitution” «=1/z; then let 1+cz2?=u. 
This is considerably longer than method (ii) below, and need not be carried 
through to the answer; it is only necessary to indicate how the problem can be 
solved by this quite straightforward approach. 

(ii) Let Vx?+c=u; then xdx=udu, and therefore 

dx du dx+du d(x+u) 


u x u+ x xtu 


= d log (x + u) 


and our problem is solved. The student is likely to be quite impressed by this 


= 
i 


104 ELEMENTARY PROBLEMS AND SOLUTIONS [February 


neat “dodge”; a word of warning as to its highly specialized character is not 
amiss. 

Various associated integrals can now be found, using integration by parts, 
etc., the work being minimized and a certain symmetry being preserved by mak- 
ing full use of the symbol u. Note, in particular, that 

udx xdu udx — xdu 


u x 


and d(ux) =udx+xdu. from which we can obtain fudx. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITtEp By Howarp EVEs, State University of New York 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Champlain College, Plattsburg, New York. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 
E 1001. Proposed by C. S. Ogilvy, Syracuse University 


Three cowboys who have to watch over cattle in a square pasture divide the 
square into three equal rectangles by parallel lines in the obvious way. Each 
then stations himself in the center of one of the rectangles and is responsible 
only for the cattle in his rectangle. 

Show that the square can be divided into three equal areas in another way 
and a cowboy can be stationed at a point of each, so that (1) the three cowboys 
have the same “maximum ride,” which is the distance from a cowboy’s station 
to the most distant point of his area; (2) this maximum ride is less than it was 
before; and (3) every point in the square is entrusted to the man whose station 
is nearest it. 

This problem is posed but not solved in Steinhaus, Mathematical Snapshots 
(1950), pp. 34-35. 


E 1002. Proposed by T. M. Apostol, California Institute of Technology 


Let A, B, C represent polynomials in a given number-field F, and let A’ de- 
note the derivative of A. Suppose B is an m-fold factor of A, t.e., A =B"C and 
B{C. It is well known that B is at least an (m—1)-fold factor of A’. The ex- 
ample B=(x—1)’, A =(x—1)*(x*—1)? shows that it is possible for B to be an 
m-fold factor of A’. Is it possible for B tobe an (m+1)-fold factor of A’? 
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E 1003. Proposed by J. G. Wendel, Yale University 


Let f(x, y) be continuous on the unit square, 0Sx, y<1. Show that Ie y) 
can be written in the form f(x, y) = g(x) + A(y) if and only if 


{ f(x, y) + f(u, 0) } %dadydudo 


{ f(x, y) + f(u, »)} { f(x, 0) + f(u, y)} dadydudo. 


E 1004. Proposed by L. R. White, Washington, D. C. 


(1) The approximation ~/a=1+(a—1)/n for n large and a close to 1 is well 
known and frequently used. Show that for large » and all a 


a@=1+(Ina)/n 


is a good approximation. 
(2) Find 


lim {(k — 1+ ®%a)/k}*. 


E 1005. Proposed by D. W. Dubois, University of Oklahoma 
Let x90 and a>0 be two real numbers. Define 
= Xn/2 + a/2xn, 


Find all values of xo and a for which the sequence {x,} converges, and find the 
limits. 


SOLUTIONS 
A Cryptic Division 
E 971 [1951, 417]. Proposed by A. W. Willcox, Washington, D. C. 


Reconstruct the division problem: 
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Solution by L. A. Ringenberg, Eastern Illinois State College. Complete the ar- 
ray of asterisks and 2 with zeros to form an 8 by 13 matrix. Let a,;; denote the 
digit in the 7th row and the jth column. The conditions a23#9, d4=9, and 
10as5-++4s5<d, where d is the divisor, imply that there is an integer n, 2SnS9, 
such that 95<md<100 and that d#11, 12, 14, 16, 24, 32. If d=33, the condi- 
tions @73=a7.=0 imply that a;,1=3, 6, or 9, which implies that ag,=0 or that 
33 is an integral divisor of a number between 40 and 60. If d=48, then as,>4 
implies a1,.2.=8 or 9, which implies that a7440 or a@77=0. The only remaining 
possibility, d=49, yields the unique dividend 591528. 

Also solved by R. V. Andree, Leon Bankoff, H. G. Bergmann, H. H. Berry, 
J. H. Braun, D. H. Browne, W. Buker, Monte Dernham, I. A. Dodes, C. V. 
Fronabarger, E. St. John Gough, Louisa Grinstein, Frank Herlihy, Sidney 
Kravitz, Elmer Latshaw, J. W. Layman, H. R. Leifer, John Lombardi, P. J. 
Malie, D. C. B. Marsh, Prasert Na Nagara, Margaret Olmsted, F. D. Parker, 
Martin Pearl, P. W. A. Raine, W. R. Ransom, J. A. Richman, J. W. Ridley, Jr., 
Azriel Rosenfeld, J. E. Sanders, B. B. Stoddard, C. W. Trigg, G. W. Walker, 
L. E. Ward, Jr., J. E. Weidlich, B. K. Gold, A. M. Wenner, and the proposer. 

Trigg showed that if the dividend be prefaced by another asterisk, the new 
problem will have two solutions. He also showed that if in the original problem 
the 2 be replaced by an asterisk then there are fifty solutions. Only for a 2 ora 9 
in this position is the solution unique. 


Six Piece Dissection of a Pentagon into a Triangle 
E 972 [1951, 417]. Proposed by Michael Goldberg, Washington, D. C. 
Dissect a regular pentagon, by straight cuts, into six pieces which can be 
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put together to form an equilateral triangle. (See Ball-Coxeter, Mathematical 
Recreations, top of p. 93.) 


Solution by the Proposer. Remove an isosceles triangle (pieces 1 and 2) by a 
cut along a diagonal. Place it along the side of the remainder to form a trape- 
zoid. At the midpoint of the long side of the isosceles triangle, make a cut paral- 
lel to the opposite side of the trapezoid. Shift the small piece (piece 2) to form a 
parallelogram. Let e be the length of the edge of the equivalent equilateral tri- 
angle. The edge e equals approximately 1.9933 times the edge of the pentagon. 
Inscribe an equilateral triangle ABC of side e/2 so that the vertex A coincides 
with a vertex which is the common vertex of three pieces, and the vertex B lies 
on the opposite edge of the parallelogram. Make the cuts AC and BC. Make 
another cut at an angle of 60° to each of AC and BC. Rearrange the pieces as 
shown in the diagram. 

- W. B. Carver found a six piece dissection of a regular pentagon of unit side 
into an isosceles triangle of base 2. The legs of the isosceles triangle are then 
equal to /41+10,/5/4 = 1.98998. This is a curiously close approximation to 
the desired dissection. 


A Disguised Solution of the Quadratic 
E 973 [1951, 418]. Proposed by Leo Moser, Texas Technological College 
Show that if 
x = — (b/a) cos? { (1/4) cos~! ({b? 8ac} /b) } 
exists, then it is a solution of ax?+bx+c=0. 


Solution by M. R. Spiegel, Rensselaer Polytechnic Institute. Denote the expres- 
sion in the outer pair of braces by u. Then 


x = — (b/a) cos? % 
and 
ax+ b= 
Consequently 
x(ax + b) = — (b?/4a) sin? 2u = — (b?/8a)(1 — cos 4u) = —, 


which proves that x = —(b/a) cos? u, if it exists, satisfies ax?+bx+c=0. 

Also solved by A. N. Aheart, P. M. Anselone, Leon Bankoff, H. G. Berg- 
mann, Louis Berkofsky, J. H. Braun, A. L. Epstein, E. A. Franz, C. V. Frona- 
barger, Emil Grosswald, Simon Hellerstein, Frank Herlihy, S. J. Jasper, R. S. 
Kingsbury, M. S. Klamkin, Sidney Kravitz, P. J. Leonard, Jr., David Mandel- 
baum, E. W. Marchand, D. C. B. Marsh, George Millman, Martin Moliver, 
Margaret Olmsted, F. D. Parker, Martin Pearl, W. R. Ransom, L. A. Ringen- 
berg, J. H. Simester, O. E. Stanaitis, C. W. Trigg, B. K. Gold, R. E. Horton, 
and the proposer. 
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Cross-ratios and Intersecting Cevians 
E 974 [1951, 418]. Proposed by Alan Wayne, Flushing, N. Y. 
Let L, M, N divide the sides BC, CA, AB of triangle ABC in the ratios 
BL/LC=r, CM/MA=s, AN/NB=t. Let R, S, T be the intersections of the 


pairs of cevians BM, CN; CN, AL; AL, BM. Show that the cross-ratios (AL, 
ST), (BM, TR), (CN, RS) are all equal to rst. 


Solution by Roscoe Woods, State University of Iowa. From a figure it is seen 
that (AL, ST)=(AC, M’M), where M’ is the intersection of BS and AC. Let 
CM'/M'A =s'. Then we have (AC, M’M) =(AM’/M'C)(CM/MA) =s/s’. But 
from Ceva’s theorem it follows that rs’t=1, whence 1/s’ =rt. It then follows that 


(AL, ST) =rst. By treating the other two cross-ratios in a similar manner, the 
theorem is established. 


Also solved by C. V. Fronabarger, Robert Gunning, D. C. B. Marsh, George 
Millman, Martin Moliver, Margaret Olmsted, Martin Pearl, O. J. Ramler, 
C. W. Trigg, R. E. Horton and the proposer. 


A Curious Function 
E 975 [1951, 418]. Proposed by M. R. Spiegel, Rensselaer Polytechnic Institute 
Prove that 


Solution by A. E. Livingston, University of Oregon. We have 


0 n=0 


The interchange in the order of integration and summation is permissible since 
the series converges uniformly to x~*. That 


log x)"dx = n!/(n + 


follows by m integrations by parts, (—x)" being used as the dv at each stage. 
Also solved by D. E. Amos, D. H. Browne, M.S. Klamkin, George Millr >n, 
L. A. Ringenberg, W. Seidel, W. D. Serbyn, J. H. Simester, O. E. Statia.iis, 
D. L. Thomsen, Jr., L. E. Ward, Jr., R. E. Wild, Chaslaw Stanoyewich, and the 
proposer. 
The proposer remarked that it would be interesting to discover the general 
class of functions having the property that 
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Klamkin located the given problem, with a solution, in Polya-Szego, 
Aufgaben und Lehrsaize, vol. I, p. 29. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITeED By E, P. StarRKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4473. Proposed by J. B. Kelly, Institute for Advanced Study 
Show that the differences of order (b+1)/2 of the sequence 


are divisible by the prime p. Here (x/p) is the Legendre symbol. Show, con- 
versely, that the only sequences, { f(x) a of length p—1 consisting only of 1’s 
and —1’s, and having this property are f(x) =1, f(x) =—1, f(x) =(x/p), f(x) 
= —(x/p), (x=1, 2, $—1). 

4474, Proposed by Ky Fan, University of Notre Dame 

Let the zeros 2;(1 $7) of the polynomial 


S(2) = do + aye + + + 2” 


be so arranged that |2,| =|z2| => --- =|z,|. It is a classical result due to Car- 
michael and Mason that 


Jal s4/1+ = 


i=0 
Ly;eg Jensen’s inequality, M. Fujiwara obtained the stronger inequality 


(2) | size ++ SB, (ls 


Prove that this result (2) can still be slightly improved as follows: 
(3) | size +++ |? S + — 4| (isksn). 
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4475. Proposed by D. J. Newman, Harvatd University 

Let f(z) be continuous throughout the complex z-plane, and suppose that 
f(2)/z-91 as 2 ©. Show that f(z) must have a zero. 

4476. Proposed by T. M. Apostol, California Institute of Technology 

Let p(n) be the number of unrestricted partitions of m, and let o(m) be the 
sum of the divisors of n. Prove 


n 1 +++ 


0! Ny'N2*** Nm 


For each fixed m, the inner sum is to be taken over all positive integers m, 
* * , Mm Whose sum is the order of the summands being taken into con- 
sideration. 


4477. Proposed by C. E. Springer, University of Oklahoma 


Given a triangle with angles a, 8, y. Show that the ratio of the area of the 
Morley triangle of the given triangle to the area of the given triangle is 


(II sin? -4>> 16 cos 
(II sin a) (I =) 


3 
(If the angles of a triangle be trisected, the intersections of the pair of trisectors 
adjacent to each side determine an equilateral triangle called the Morley triangle 
of the given triangle. See also [1943, 552].) 


SOLUTIONS 
Roots of the Equation tan x =x 
4400 [1950, 420]. Proposed by C. D. Olds, San Jose State College 


Every positive root of the equation tan x=x can be expressed as follows: 
x=(p+4)r—@ where p is an arbitrary integer 20 and 


= CoE + Cis? + Co +--+, & = 1/(p + 


The coefficients Co, Ci, Cz - + - are positive rational numbers. Show that, for n 
very large, 


Cy = (1/3) 4-2/8. + 1)-4/8(1 + wa), 


where w,—0 when n— ©, so that the above series remains convergent even for 
p=0.* 


Solution by G. Szekeres, University of Adelaide, Australia. We may write the 
* Originally proposed as no. 3290 [1927, 491] by J. V. Uspensky. 
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equation tan x =x in the form 
cot @ = — 6, x= (p+ -8, 
= (6 + cot 6)" = (1 — 307 + 
hence 0=f(£) = Dunno where Com=O and Com41=Cm. Obviously the Cy are 
rational since f(£) is the inverse of a power series with rational coefficients. 


Now the power series f(£) defines an analytic function which has algebraic 
singularities at the points = +2/m and no other singularities on the circle of 


convergence. In fact, 
dé ( cot 0 ) Q 
da + cot 6 


at 0= +2/2 where +2/z, and the circle | is mapped by the function 
6=f(€) into a curve J which goes through the points @= +7/2 and is situated in 
the hexagonal region bounded by the lines 


— r+ (1 + — (1 + 

i+ x, —i+x, 
This can be shown either by plotting the curve J in the 6-plane or by checking 
that |@+cot 6| =(2/m) on the lines (1). Clearly @+cot @ does not 
vanish in the hexagon bounded by the lines (1) (on the imaginary axis, 0+cot 0 
=0 at +1 where =coth 8, i.e., when is very nearly 1.2), hence (@+-cot 


is regular on and inside J. 
Now 


(1) 


2 4 
= (6 + cot"! = (dr 
31? 


2 4 
= 


around the points @=}m and @= —}m respectively, hence the following expan- 
sions are valid around the branch points +2/m: 


Since real values of # correspond to real values of £ the expressions (1 — 4a)" 
and (1+ 47) represent the principal branches of the functions which take 
the value 1 at £=0. It follows from a well known theorem of Darboux (see G. 
Szegé, Orthogonal Polynomials, Amer. Math. Soc. Colloquium Publications, v. 
23, p. 201) that the asymptotic behavior of the coefficients c, is determined by 
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the leading terms in the above expansions. Thus 


This and the well known relation 
1/3 1 
n 3r 3 


give the required result. 


Editorial Note. With but slightly more elaborate analysis, the Proposer 
has obtained analogous expressions for C, when the above problem is generalized 
to give the roots of tan x = bx, where 0 is any non-zero real number. For example, 
if b>1, we have 


tan a\!/2 
Ca ~( ) (2n + + sin 2a)?"+3/2, 


Slight changes are required for other values of b. He has also found the cor- 
responding expansion when the roots of x =cot x are considered. 


Brocard Angle 
4401 [1950, 420]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In the triangle ABC for which the cotangent of the Brocard angle is equal to 
2, show that the sides satisfy the relation 


5(a4 + b4 + c4) = 6(b%c? + + 
Show also that it is impossible for the lengths of the sides to be all integers. 


Solution by C. S. Venkataraman, Trichur, South India. We shall denote the 
Brocard angle by w, and apply the well known results, 


b? + — a? 


cotw= cotA, > cot A cot B=1, 


and analogous formulas for cot B and cot C. K is the area of the triangle ABC. 
Then we have 


> cot? A = (>> cot A)? — 25 cot A cot B = cot? w — 2 
=4—2=2) cot A cot B. 


Therefore 


. ‘ (08 + — + — 


16K? 16K? 


— 
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which is easily reduced to 


as required. By the addition of 3 }-a‘ to both sides this may be put in the form 
(1) 8 >> at = a?)?. 


Now suppose, if possible, that a, b, c are all integers. Put a=ra;, b=rhy, 
c=rq, where r is their greatest common divisor and ai, di, ¢, have no common 
divisor >1. Then (1) becomes 


Thus ) aj is a multiple of 4, but this is clearly impossible unless ai, bi, c are 
all even, contrary to their definition. Hence the sides cannot all be integers. 
Also solved by Daniel Finkel, N. T. Seely, Jr., and L. A. Ringenberg. 


The Euler Functions dl" (x) 


4402 [1950, 421]. Proposed by Carl Cohen, Cambridge Junior College, Cam- 
bridge, Mass. 


Let the series of functions dl” (x) be defined as 


(1) dl (x) = 

(2) (2) = — f “log (1 — é)dt/t. 

Show that for |x| <z/2, 

(i) tan x = (1) — dl@*-) (—1) 


n=1 


Solution by M. R. Spiegel, Rensselaer Polytechnic Institute, Troy, N. Y. Con- 
sider the well known infinite product 


Taking logarithmic derivatives, we find easily r 


4v 1 2 —1 


® (2% — 


| 
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valid for |v| <1. Since the double series is absolutely convergent we may inter- 
change the order of summation to obtain 


Now from (2) 


x x? x8 


valid for | x| <1, and by (1) we find 


x? x3 
(x) = 


1 3ntl 


so that 


dl (1) — dl@»-) (—1) = 2> 
bat (24 — 1)* 
Upon substituting this in (A) and replacing xv/2 by x, we have (i). 

To prove (ii) start with formula 4, Whittaker and Watson, A Course of Mod- 
ern Analysis, New York (1945), p. 136, which may be put 


T =| 1 3 5 | 
sec — 9 = — — ee 
2 1—v 9—y 25 — 2? 


4 v2 —1 


(2k — 


But 


(2k — 


Making use of this relation and replacing mv/2 by x we have (ii). 


Also solved by A. E. Livingston, G. Lumer, O. E. Stanaitis, and the pro- 
poser. 
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Altitude Quadric 
4403 [1950, 421]. Proposed by J. H. Butchart, Arizona State College 


A necessary and sufficient condition that a hyperboloid of one sheet be an. 
altitude quadric (i.e. any four rulings of one regulus may be altitudes of a tetra- 
hedron) is that any plane section perpendicular to a ruling is an equilateral 
hyperbola. (Compare the Proposer’s note, The altitude quadric of a tetrahedron 
[1940, 383].) 


Solution by G. Lumer, Instituto de Matematica Y Estadistica, Montevideo, 
Uruguay. 

The condition is necessary. Denote by (R) and (R’), the two reguli which 
correspond to the given hyperboloid. Consider four rulings, a, 6, c, d, of (R), 
and the tetrahedron ABCD (where A is on a, B on b, .. . )whose altitudes are 
a, b, c, d (this tetrahedron exists by hypothesis.) The orthogonal projections of 
a, b, c on the plane ABC give the altitudes of triangle ABC which pass through 
the orthocenter H of ABC. Then the line through H and perpendicular to the 
plane ABC necessarily meets a, b, and c. This shows that this line belongs to 
(R’) and so H is a point of the section of the hyperboloid made by the plane 
ABC. Now, since A, B, C belong to this section, it is a conic which contains to- 
gether with A, B, C, the orthocenter of triangle ABC. It is therefore an equi- 
lateral hyperbola. Further, plane ABC is orthogonal to d, so that every plane 
orthogonal to d will cut the hyperboloid in an equilateral hyperbola. Since d is 
arbitrary, our assertion is proved. 

The condition is sufficient. Consider four arbitrary rulings, a, }, c, d, of (R); 
and consider a plane moving so as to remain orthogonal to d. There exists one 
(and only one) position of this plane for which the line that lies on it and meets 
a and 3 is also orthogonal to c (because as our plane moves the considered lines 
take all directions which are contained in the plane-orientation orthogonal to 
d). Consider now this position of the plane and denote by A, B, C the points 
which it intercepts on a, b, c, respectively. Let h be the ruling of (R’) parallel 
to d; as h meets a, b, c, they are projected onto the plane ABC in lines a’, b’, c’ 
which pass through the point H where h cuts ABC. As AB is orthogonal to ¢, c’ 
is an altitude of the triangle ABC; but the conic in which the hyperboloid is cut 
by the plane ABC is by hypothesis an equilateral hyperbola which contains , 
A, B, C, and H; and as H is on an altitude of ABC, it is its orthocenter. From . 

= 


this it follows that also BC and CA are orthogonal to a@ and 3, respectively, so 
that there exist planes passing through AB, BC, CA and orthogonal to ¢, a, b; 
they determine a point D. To complete the proof we have now only to show that 
D is on d. But the same method just used for the plane ABC, when applied, 
say, to ABD, shows that the orthogonal projection of d on this plane is an alti- 
tude of the triangle ABD, and so passes through D. As the same is true for the 
planes BCD and CAD, Dlies ond. We have then obtained the tetrahedron ABCD 
which has a, 8, ¢, d as its altitudes. 
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Simultaneous Equations with Greatest Integer Function 
4404 [1950, 421]. Proposed by Ky Fan, University of Notre Dame 
Determine all positive solutions x of the infinite system of equations 
(1) [[n/x]x x] =n—1, 1,2,3,---. 
The brackets denote, as usual, the greatest integer function. 


Solution by Emil Grosswald, Institute for Advanced Study. We show that the 
only solutions are 


and x= p/(2p — 1), p= 1,2,3,---. 
(1) is equivalent to the two inequalities 
n—1S [n/x]x <n, 


of which the second is always satisfied. Dividing by x, we see that (1) is equiva- 
lent to 


(2) n/x — [n/x] 1/x — 1. 
If we have n—2x2n—1, whence 
[n/x] —1>n/x —22 n/x — 1/x 


so that (2) is satisfied for all n. : 
If x>4 and rational, then x=p/q, (p, g) =1 and p= (q+1)/2. Consider first 
p=(qt1)/2 whence x=p/qg=p/(2p—1). Then 


n/x — [n/x] S$ 1—1/p = 1/x —1, 


so that (2) holds for all . If, on the other hand, p>(q+1)/2, since (p, g) =1, we 
may choose integers N and h such that Nq—hp=1, or gN/p=h+1/p. Let 
n=(p—1)N; then n/x=(p—1)N-q/p=(p—1)h+(p—1)/p. Therefore n/x 
—[n/x]=(p—1)/p, but 1/x-—1=q¢/p—1<(p—1)/p, so that, for at least one 
value of m, (2) is not true. 

Finally, if x>4 and irrational, then for arbitrary e€>0, we can find two inte- 
gers n and N such that N—e<n/x<N. Choose € such that e<1 and e<2—1/x. 
Then [n/x]=N-—1 and 


n/x — [n/x] 


so that, for ” chosen as above, (2) does not hold. 
Also solved by Michael Stimac, and the proposer. 


Representations of an Arbitrary Number in Terms of a Given Sequence 
4405 [1950, 489]. Proposed by Paul Erdés, University of Aberdeen, Scotland 


Let x1, %2, +++ be a sequence of real numbers, x;>c>0. We assume that 
they approach all their limit points from below. Then, for any A, there is only a 
finite number of solutions of the equation 
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(1) A= am, 
k=l 
where the a, are non-negative integers. 
A special case occurs if 
The case x,=1—2-* was communicated to the proposer by R. A. Rosen- 
baum. 


Solution by William Scott, University of Kansas. If (1) is satisfied, then 
>a.<A/c, and only a finite number of the. a are different from 0, say a 
Sa2S +++ Sa,. Moreover there are only a finite number of sets (a1, - + - , a) of 
integers such that 0<a:Sa:S ).ai<A/c. 

Suppose that there are an infinite number of distinct solutions of (1). Then 
infinitely many of them have the same set (a, - - - , a). Let these solutions be 
{ar(n)}, m=1, 2,+++ 3 Gen) otherwise. Now SA. 
Hence by the Bolzano-Weierstrass theorem, there exists a subsequence with re- 
spect to n of {ax(m)} such that (using the same notation for the subsequence as 
for the original sequence) lim, xz(,n) exists and equals, say y;. Then 


+ ary, = A. 


If, for some 4, approaches y; from below, then for aj approaches 
y; from above, which is impossible. Hence, for each 4, xk¢,n)=ys for all but a 
finite number of . Therefore, since all limit points of {x;} are approached from 
below, for each 7, k(t, m) takes on only a finite number of different values. But 
this would give an infinite number of identical solutions {ax(m) } = {ax(n2} 
= --+-+, which contradicts the distinctness of the solutions. Thus in any case 
we are led to a contradiction, and the theorem is true. 


RECENT PUBLICATIONS 


EpiTeEp By E. P. VANcE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 80 Waterman Street, Providence 6, Rhode Island, and not to any 
other editors or officers of the Association. 


The Mathematics of Finance. By F. C. Smith. Appleton-Century-Crofts Inc., 
New York, 1951. 12+356 pages. $4.00. 


The preface of this textbook states that “the explanations have been pre- 
pared with the student of average mathematical ability in mind.” Professor 


‘ 
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Smith has successfully kept the student in mind for his explanatory material 
reads easily and clearly. The definitions, set out in italics, are carefully stated. 
Throughout the book, as new terms are introduced, they are clearly defined and 
new ideas are presented simply and logically. In each chapter there are many 
illustrative examples, with those on interpolation exceptionally good. Line dia- 
grams are introduced in the chapter on compound interest and are used fre- 
quently throughout the book. A number of well chosen problems are given after 
each topic, while sets of review problems are found at the end of each chapter. 

The author attempts to stress the use of fundamental principles rather than 
formulas. It seems that fewer special formulas could have been worked out in 
some places, particularly in the chapter on bonds. In the chapter on general an- 
nuities, the author discusses two cases, p payments per interest period and q 
interest periods per payment interval. It has always seemed, to this reviewer, 
that it is simpler and easier for the student to use the unified method which is 
mentioned in the last paragraph of the chapter. 

The usual material is covered in the book. Chapter one consists of a review 
of logarithms and progressions, two helpful sections on significant digits and 
rounding off numbers. There are three chapters on actuarial work for the in- 
structor who wishes to include some work on this material. This new text on 
the mathematics of finance should be a very teachable book, one that will be 
a pleasure both to the student and to the instructor. 

D. E. Sout 
University of Kentucky 


Mathematics of Finance. By A. E. May. American Book Co., New York, 1951. 
8+264 pages. $3.00. 


A first glance at this book will probably give the reader an impression that 
it is too abbreviated. However, a little further examination discloses the fact 
that although the material is very compactly presented, none of the usual topics 
are omitted. Professor May states that “this text was designed to build the 
fundamentals of investment theory on just a few simple, important formulas.” 
He has accomplished this aim better than most authors of texts on the mathe- 
matics of finance. However, by omitting the formula S=P(1-+r#) he seems to 
lose the important idea of the equivalent relation between present value and 
amount under a simple interest rate. This omission also results in the illustra- 
tive examples on simple interest appearing as exercises in arithmetic. 

Each chapter contains a number of carefully prepared examples and an ade- 
quate number of problems. Simple annuities are introduced by three excellent 
illustrations which show how to handle these problems by geometric progres- 
sions before the annuity symbols are introduced. In the chapter on general an- 
nuities, however, it seems that the complicated processes explained in the ex- 
amples would be simplified by using the general annuity symbols instead of 
avoiding them. The author’s definition of the term of an annuity as “extending 
from one payment interval before the first payment through the day of the last 
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payment” appears to cause some confusion as to what is meant by the present 
value and amount of an annuity, particularly of an annuity due. 

The preface and introduction, discussing the types of problems to be con- 
sidered, are very well written and should be read both at the beginning and at 
the end of the course. The introduction closes with this excellent advice to the 
student, “above all, think as you work.” 

D. E. 
University of Kentucky 


Lectures on Classical Differential Geometry. By D. J. Struik. Addison-Wesley 
Press, Inc., Cambridge, Massachusetts, 1950. 8+221 pages. 


Here is a welcome addition to the books in English on metric differential 
geometry of curves and surfaces in ordinary space. Among the features which 
distinguish it as outstanding are the many interesting historical and biograph- 
ical notes, the wealth of useful references to the original papers, the clear and 
concise presentation, and the numerous well drawn figures which will no doubt 
be effective in carrying out the author’s purpose of “stimulating the student’s 
visual understanding of geometry.” 

The comprehensiveness of the book is amazing for so small a volume. It is 
designed as a first course in the subject although it contains much more than 
most classes can assimilate in one semester. There are many well graded exer- 
cises ranging from those which require routine manipulation illustrating the text 
to those which require penetrating thought. Answers or hints for solution for all 
exercises are found at the back of the volume. 

For the most part the notation used is that of the Gibbs form of vector 
analysis, which, according to the author, “after years of competition with other 
notations seems to have won the day.” This is probably a matter of personal 
taste and experience, and a matter to be decided according to the future needs 
of the students. For those who will take only one course in the subject the vec- 
tor analysis is quite adequate and probably advisable. However, for those who 
wish to continue to more advanced stages of Riemannian geometry of higher 
dimensions or to study relativity theory the tensor notation would be a valuable 
tool in the first course. 

After treating the fundamental theory of space curves in the fifty-four pages 
of Chapter I, the author introduces in Chapter II the two fundamental quad- 
ratic forms to portray the elementary theory of surfaces. He is careful to point 
out the distinction between singular points of a surface and singular points of 
its parametric representation. For a model of clarity, one should note the article 
on the indicatrix of Dupin on page 83. The equations of Gauss and Weingarten 
are discussed in Chapter III. The distinction between intrinsic and extrinsic 
geometry of a surface is forcefully brought out. A treatment of geodesics, geo- 
desic curvature, geodesic coordinates, and the Gauss-Bonnet theorem is found 
in Chapter IV. Transformation of coordinates receives little attention. Differ- 
ential parameters appear in an exercise but their invariance is not mentioned. 
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In the last chapter the author begins with a discussion of envelopes of one 
parameter families of surfaces, continues with a study of conformal, isometric, 
and geodesic mapping, and concludes with minimal surfaces, ruled surfaces, and 
imaginaries in surface theory. On page 169 it is stated that equiareal mapping 
will be discussed but the concept appears only in three exercises. 

Remarkably few typographical errors were noticed. A few minor lapses in 
the characteristic care with which the book was written might be mentioned. 
On page one “the equation is” is followed by three equations. On page five the 
axes are denoted by x, y, z in the figure but by X, Y, Z in the text. There are a 
few indications that the author has attempted to conserve space by avoiding 
connecting phrases. This detracts from ease of understanding on the part of 
readers who are not already familiar with the notation and subject matter. An 
instance of this is at the middle of page 10 where the statement appears “let us 
consider a plane X-a=; X generic point of the plane, a 1 plane, pa constant.” 
A little more preparation for the equation of the plane in vector form might be 
supplied. The statement on page 11 that the osculating plane passes through 
“at least” three consecutive points of the curve calls for further explanation if 
it is to be of meaning to the uninitiated. Also on page 11 it is stated that three 
vectors are coplanar if they “can be moved into one plane.” The student might 
argue that any three vectors can be “moved into one plane.” Another instance 
of the author’s tendency toward elliptical language is at the middle of page 134 
where a differential equation and an integral of it are displayed on the same 
line. This practice renders the antecedent of “this” in the following line doubt- 
ful for the reader. The reviewer does not favor the introduction of the expression 
“natural equations” in lieu of the well established “intrinsic equations” of a 
curve. In exercise 15 on page 195, the meaning of T is not clear. 

This is a useful volume which should be at hand for every student and 
teacher of differential geomtery, and it will surely become a popular text book 
for students who can devote only one semester to differential geometry. 

C. E. SPRINGER 
University of Oklahoma 


Dictionary of Mathematical Sciences, Volume I (German-English). By Leo Her- 
land. New York, Frederick Ungar Publishing Company, 1951. 235 pages. 
$3.25. 


There has for many years been a real need for a good mathematics German- 
English dictionary. As a result, this dictionary should be well received, for the 
author and his collaborators have done an excellent job. 

This first modern bilingual mathematics dictionary covers not only the ma- 
jor subjects of mathematics, such as geometry and algebra, but also many fields 
of application, such as mathematical logic, statistics, commercial arithmetic, 
and physics and astronomy in those concepts which lend themselves to mathe- 
matical treatment. Numerous cross references and model usages are included. 
The emphasis is on clarity and distinction. E. P. V. 
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NEW BOOKS RECEIVED 


Advanced Dynamics (2 vols.). By H. E. Smart. London, Macmillan and 
Company, 1951. Vol. I, xi+419 pp. Vol. IT, xi+419 pp. 

Plane Trigonometry with Tables. Third Edition. By L. M. Kells, W. F. Kern, 
and J. R. Bland. New York, McGraw-Hill Book Co., 1951. xi+220 pp. +118 
pp. of tables. $3.50. 

The Algebra of Vectors and Matrices. By T. L. Wade. Cambridge, Mass., 
Addison-Wesley Press, 1951. 189 pp. $4.50. 

Introduction to Number Theory. By Trygve Nagell. New York, John Wiley 
and Sons Co., 1951. 309 pp. $5.00. 

Calculus and Analytic Geometry. By G. B. Thomas. Cambridge, Addison- 
Wesley Press, Inc., 1951. 685 pp. $6.00. 

Differential Geometry. By D. J. Struik. Cambridge, Mass., Addison-Wesley 
Press, Inc., 1950, viii+221 pp. 

Calculus. By Tomlinson Fort. Boston, D. C. Heath and Co., 1951. xii+560 
pp. $4.75. 

How to Study, How to Solve—Arithmetic—Calculus. By H. M. Dadourian. 
Cambridge, Mass., Addison-Wesley Press, 1951. vi+121 pp. $.60. 

The Classical Theory of Fields. By L. Landau and E. Lifschitz. Cambridge, 
Mass., Addison-Wesley Press, 1951. ix+354 pp. $7.50. 

Descriptive Geometry, A Pictorial Approach. By H. B. Howe. New York, 
The Ronald Press, 1951. x+332 pp. $4.00. 

Dictionary of Mathematical Sciences. Vol. I. By Leo Herland. New York, 
Stephen Daye Press, 1951. 235 pp. $3.25. 

British Scientists. By E. J. Holmyard. New York, The Philosophical Library, 
1951. viii+88 pp. $2.75. 

Tables to Facilitate Sequential t-Tests. Washington, Department of Com- 
merce, National Bureau of Standards. Government Printing Office, 1951. 19+82 
pp. $.45. 

Tables of n! and T(n+4) for the First Thousand Values of n. Bureau of Stand- 
ards, Government Printing Office, Washington, 1951. 4+10 pp. $.15. 

Everyday General Mathematics (Book 2). By Wm. Betz, A. B. Miller, F. B. 
Mitchell, Elizabeth and H. C. Taylor, Boston, Ginn and Company, 1951. 
10+438 pp. 

The Arithmetic of Better Business. By Frank McMackin, J. A. March and 
C. E. Baten. Boston, Ginn and Company, 1951. 8+389 pp. 

Teaching the Meanings of Arithmetic. By C. N. Stokes. New York, Apple- 
ton-Century-Crofts, Inc., 1951. 14+531 pp. $4.50. 
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CLUBS AND ALLIED ACTIVITIES 


EpiteEp By H. D. Larsen, Albion College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to H. D. Larsen, Albion College, Albion, 
Michigan. 

Pi Mu Epsilon, New York University 


The New York University chapter of Pi Mu Epsilon held five meetings dur- the 
ing 1950-51 at which the following papers were presented: | 
The principle of the computing machine, by Dr. Gerald Goertzel Jan 


Mathematics between the Scylla of physics and the Charybdis of logic, by Dr. 
John van Heijenoort 

Probability theory and games of chance, by Dr. Gottfried E. Noether 

The drunkard’s path or the gambler’s ruin, by Dr. Bernard Friedman of | 

The foundations of physics, by Dr. Henry Margenau. 

The officers elected for 1951-52 are: Director, Willard L. Miranker; Vice- : 
Director, Walter Koppelman; Secretary, William C. Zoellner. 


Mathematics Club, Montana State University 


The following papers were presented during 1950-51 at the monthly meet- 
ings of the Mathematics Club of Montana State University: Las 

Al-jabra u’al mugabahah, the origin of notation used in algebra, by Dr. T.G. 
Ostrom 

The history of non-euclidean geometry, by George Craft 

Math in card playing, by William Jameson 

The number system, by Elsie Taylor 

Careers in mathematics, by Thomas Bray. 

The annual party was held February 28 at Dr. Chatland’s home. The spring 
picnic with the Chemistry Club was held May 25 at the Montana Power Park. 

Rachel Kinney and John Marvin were awarded prizes for outstanding work 
in beginning mathematics. The awards were Handbooks donated by the Chemi- 
cal Rubber Company. 195 

Officers elected for 1951-52 are: President, Tom Bray; Vice-President, Hollis 
McCrea; Secretary-Treasurer, Pat Lovely; Advisor, Dr. Marsaglia. 
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Kappa Mu Epsilon, Mount Mary College 
The following papers were presented at the monthly meetings of the Wis- 
consin Alpha chapter of Kappa Mu Epsilon during 1950-51: 
How I became interested in actuarial work, by Mary Hunt 
Explanation of actuarial work, by Mr. T. V. Henningston, Mutual Insurance 


Company 
Introduction to topology, by Ann Sanfelippo Jer 
Special theorems and ideas in topology, by Janet Haig St: 
Teaching arithmetic in the primary grades, by Marilyn Briggeman Li 


The Chinese abacus, by Adeline Madritsch 
122 
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Mathematics and design, by Audrey Reiff 

Calculating devices, by Betty Haendel 

Probability, by Carole Sands 

Number bases, by Dolores Wall 

Arithmetic and geometric progressions, by Ruth Renwick 

Numerology, by Pat Zimmer 

Book review: “The psychology of invention in the mathematical world,” by 
Mary Ann Pichotta. 

Officers for the year were: President, Adeline Madritsch; Vice-President, 
Janet Haig; Secretary, Joan Weller; Treasurer, Carol Zaffrann. 


Mathematics Club, Rutgers University 


During 1950-51, the following papers were presented to the Mathematics Club 
of Rutgers University, the first three by undergraduate students: 

Tic-tac-toe in three and four dimensions, by Peter Bender 

Can machines think? by Robert Garfunkel 

Some ideas from projective geometry, by Oscar W. Greenberg 

Several geometric problems, by John C. Slonczewski 

Theory of electrical networks, by Dr. Richard M. Cohn 

How physical ideas can be used in solving problems in mathematics, by Dr. 
Louis M. Court 

Three contradictions in classical mathematics, by Dr. Clifford D. Firestone 

Philosophy and mathematics, by Dr. Charles H. Kaiser 

Russell’s paradox, by Dr. Robert E. Luce 

Unicursal curves, by Dr. Hyman J. Zimmerberg. 

Oscar Greenberg was appointed temporary chairman for the first meeting of 
next year, at which time officers will be elected. The faculty advisor for next 
year is Dr. Harold S. Grant. 


Kappa Mu Epsilon, Upsala College 

The New Jersey Alpha chapter of Kappa Mu Epsilon held six meetings in 
1950-51 at which the following papers were presented: 

The method of least squares, by Martin Netzler 

Kepler's three laws, by William Stachel 

Vector analysis, by Ethel Larson 

Graphical analysis of complex numbers, by Dr. Howard Fehr 

Cryptography: ciphers and codes, by Lloyd Johnson 

Dynamic geometry, by Professor David Skolnik. 

Dr. Howard Fehr of folumbia University was guest speaker at a joint 
meeting of the chapter and the Mathematics Club. Members of the New 
Jersey Beta chapter of Kappa Mu Epsilon were guests. 

Officers for 1951-52 are: President, Juanita Sachs; Vice-President, William 
Stachel; Secretary, Ethel Larson; Treasurer, Martin Netzler; Historian, Donald 
Lindtvedt; Faculty Sponsor, M. A. Nordgaard. 
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Mathematics Club, Upsala College 


The following papers were presented to the Mathematics Club of Upsala Col- 
lege during 1950-51: 

Special topics in mathematics, by James Grimshaw and Lloyd Johnson 

Map-making, by Juanita Sachs and Professor R. Reed 

Partial fractions, by Martin Netzler 

Possibility for sailing faster than the wind, by William Stachel 

Rocket to the moon, by Paul Kolk 

The log function is unique, by Ethel Larson 

The cuneiform system in mathematics, by Vera Versfelt. 

A Christmas party was held at the home of Professor Reed, faculty sponsor 
of the club. 


Mathematics Club, University of Detroit 


The University of Detroit Mathematics Club held six meetings in 1950-51. 
The following papers were presented, the first two by students: 

The binary number system, by Gerald Simonds 

Quality control, by W. McClintock 

Topics in mathematics, by Dr. Lyle E. Mehlenbacher 

Mathematics and philosophy, by Dr. Maxwell. 

Movies constituted the last program of the year at a joint meeting of the 
Physics and Mathematics Clubs. 

The officers for the year were: President, Gerald Simonds; Vice-President 
Patrick McNamara; Secretary-Treasurer, Doris Haines; Faculty Sponsors, Dr 
Emily Pixley, Miss Florence Tetreault. 


Pi Mu Epsilon, University of Missouri 


The following papers were presented in 1950-51 at meetings of the Univer- 
sity of Missouri chapter of Pi Mu Epsilon: 

Some applications of mathematics in electrical engineering, by Professor Bert 
Gastineau 

Some mathematical aspects of human behavior, by Dr. Herman Betz 

A demonstration of soap film surfaces, by Ben Jaeger 

Some famous mathematicians and what they did, by Miss Mary Cummings 

Importance of mathematics to the Navy, by Lt. Com. Cobb, U.S.N. 

Infinite series and summability, by Dr. Paul Burcham. 

The chapter conducted a competitive examination in calculus, awarding 
prizes as follows: first prize, Donald Garnett; second prize, Frederick M. Cash; 
third prize, Clifford H. Brown. The year’s activities ended with a banquet at 
which Dr. L. M. Blumenthal spoke on Mathematics as a career. 

Officers for 1951-52 are: President, Harley Newsom; Vice-President, Paul 
Sims; Secretary, Carl Spohr; Treasurer, Don Putnam; Faculty Sponsor, Miss 
Mary Cummings. 


1952] CLUBS AND ALLIED ACTIVITIES 125 


Mathematics Club, University of Miami 


The following topics were presented at meetings of the University of Miami 
Mathematics Club during 1950-51: 

Mathematical biophysics, by D. J. R. Foulis 

Rings and fields of classes, by Ira Rosenbaum 

Geometrical toys, by Carolyn Palmer 

Geometries, by Dr. Mayme Logsdon 

Abstract Galois theory, by Dr. Marc Krasner 

Numbers, numbers, numbers, by Dr. Louis Mordell 

Lattices, by Mrs. Georgia Del Franco 

Vector spaces, by Edward Stratton 

Astronomical triangle, by Capt. Robert 

Mathematics and Naval officers, by Rear Admiral Richard Tuggle 

Time, by John Maecher 

Inductive proof for Descartes’ rule of signs, by Mary Magner. 

In addition to its regular meetings, the club had a Christmas party and a 
hayride. 

A year’s membership in the Mathematical Association of America was 
awarded to David Foulis for the best paper presented by an undergraduate. 

Officers for 1951-52 are: President, David Foulis; Vice-President, Mary 
Magner; Secretary, John Maecher; Treasurer, Mary Magner. 


Pi Mu Epsilon, University of Miami 


The Florida Alpha chapter of Pi Mu Epsilon was installed at the University 
of Miami on March 21, 1951, with Professor Tomlinson Fort representing the 
national fraternity at the installation banquet. The following paper was pre- 
sented at a subsequent meeting: 

An axiomatic approach to trigonometry, by Dr. Meyer. 

The officers are: Director, Mrs. Georgia Del Franco; Vice-Director, David 
Foulis; Secretary, Mary Magner; Treasurer, Tadeus Putla. 


Undergraduate Mathematics Club, Cornell University 


The Cornell Undergraduate Mathematics Club was organized on May 9, 1951. 
Two meetings were held in 1951 at which the following papers were presented: 

The history of probability, by Professor Mark Kac 

Jumps, oscillations, and Gibb’s phenomena, by Professor Ralph Agnew. 

The officers are: President, Jerome Sacks; Vice-President, Marcia Goldberg; 
Secretary-Treasurer, Roberta Torrance. 


Delta X, University of Toledo 


The following papers were presented at the monthly meetings of Delta X, 
mathematics club of the University of Toledo, during 1950-51: 
Number concepts, by Phillip Miller 
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Mathematical melées, by Frank Sherbourne 

The calendar, by Russell Bergquist 

Non-euclidean geometry, by Lois Crew 

Professional opportunities in mathematics, by Donald Ewing 

Omar Khayyam, the mathematician, by Larry Reger 

What ts mathematics? by Professor Clair Blackall. 

A banquet preceded the May meeting and a picnic was held in June. Awards 
were given to Phillip O’Neill and Melvin Batch as outstanding students in 
freshman mathematics. 

Officers for 1951-52 are: President, Lois Crew and Phillip Miller; Vice- 
President, Larry Reger; Secretary-Treasurer, Carol Garn. 


Mathematics Club, Harvard University 


The 1950-51 season of the Harvard Mathematics Club featured the following 
talks by students and faculty members: 

Maximal problems in the calculus, by Professor Joseph Walsh 

The spectral theorem, by Professor George W. Mackey 

Three pearls of number theory, by Dr. Raymond Ayoub 

An algebra of power series, by Ernest Schlesinger 

Random walk, gambling techniques, and absorption processes, by Paul Lochak 

The magic of Diophantine equations, by Harry Gonshoe 

A geometrical approach to Dirichlet’s problem, by Jeremy Bernstein. 

A picnic concluded the club’s activities for the year. 

The officers were: President, William Turanski; Vice-President, Ariel Ze- 
mach; Secretary, Harry Gonshoe; Treasurer, Hal Roydon. 


Zeta Mu Tau, University of Washington 


Zeta Mu Tau is an undergraduate mathematics honorary fraternity for stu- 
dents in engineering, mathematics, and the physical sciences. Three meetings 
were held during the 1950-51 academic year. The following papers were pre- 
sented: 

Some odd algebras and their application to logic, by Prof. Hewitt 

Solution of one equation in two unknowns, by Prof. Jerbert. 

The year’s activities were climaxed by a banquet honoring the new members 
initiated during the year. 

Officers elected for the year 1951-52 are: President, Kenneth Hammer; 
Vice-President, John Benoit; Treasurer, Robert Winders; Secretary, Paul 
Ellinger; Faculty Advisor, Prof. Haller. 
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NEWS AND NOTICES 


EpiTEp By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


STANFORD UNIVERSITY COMPETITIVE EXAMINATION IN MATHEMATICS 


The sixth Stanford University Competitive Examination in Mathematics 
(see AMERICAN MATHEMATICAL MONTHLY, vol. 53 (1946), pp. 406-409) was held 
on April 7, 1951, in 35 high schools in California; 155 senior high school students 
participated. The following problems were proposed: 

1. The length of the perimeter of a right triangle is 60 inches and the length 
of the altitude perpendicular to the hypotenuse is 12 inches. Find the sides of 
the triangle. 

2. A quadrilateral is cut into four triangles by its diagonals. We call two of 
these triangles “opposite” if they have a common vertex but no common side. 
Prove the following statements: (a) The product of the areas of two opposite 
triangles is equal to the product of the areas of the other two opposite triangles. 
(b) The quadrilateral is a trapezoid if, and only if, there are two opposite tri- 
angles equal in area. (c) The quadrilateral is a parallelogram if, and only if, all 
four triangles are equal in area. 

3. We consider the frustum of a right circular cone. The plane that is 
parallel to the lower and upper bases of the frustum and at equal distance from. 
both intersects the frustum in the “median circle.” The frustum and a cylinder 
have the same altitude, and the median circle of the frustum is the base of 
the cylinder. Which one of these two solids has the greater volume, the frustum 
or the cylinder? Prove your answer! (A possible proof is by algebra: Express 
both volumes in terms of suitable data and transform their difference so that 
its sign becomes obvious.) 

The writer of the best paper, Mr. Edward Barlow, student at Castlemont 
High School, Oakland, California, received a $660 Scholarship at Stanford Uni- 
versity. Mr. J. F. Wolfe of Pasadena, California, received “Honorable Men- 
tion.” 


EMPLOYMENT OPPORTUNITIES BULLETIN OF THE BUREAU 
OF ORDNANCE 

The Navy’s Bureau of Ordnance is faced with an unprecedented expansion 
program. There is a need for Mathematicians in a salary range of $3,410 to 
$8,360 per annum. 

The Bureau of Ordnance is responsible for the research, design, development, 
procurement, manufacture, distribution, maintenance, repair, alteration, and 
effectiveness of Naval Ordnance. 

The Bureau publishes bi-monthly a 60-page booklet which summarizes cur- 
rent vacancies and job opportunities. It may be obtained without cost from 
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the Bureau of Ordnance, Department of the Navy, Washington 25, D. C. 


PERSONAL ITEMS 


Mrs. Jewell H. Bushey, chairman of the Department of Mathematics of 
Hunter College, was the official representative of the Association at the Six- 
teenth Educational Conference which was held in New York City on November 
1-2, 1951. 

Professor J. A. Ward of the University of Kentucky represented the Associa- 
tion at the inauguration of President F. A. Rose of Transylvania College on 
November 30, 1951. 

St. Louis University announces: Assistant Professor W. A. Vezeau has been 
promoted to an associate professorship; Dr. J. J. Andrews has been promoted 
to an assistant professorship. 

Syracuse University announces the following: Professor D. E. Kibbey, for- 
merly acting chairman of the Department of Mathematics, has been appointed 
Chairman of the Department; Instructors R. M. Exner and Kathryn A. Morgan 
have been promoted to assistant professorships; Dr. D. G. Austin, previously 
a graduate student at the University of Chicago, has been appointed to an 
instructorship. 

The United States Naval Academy makes the following announcements: 
Senior Professor L. T. Wilson has retired with the title of Professor Emeritus 
and is teaching now at Jacksonville State Teachers College, Alabama; Associate 
Professor H. C. Stotz has been promoted to a professorship; Assistant Professors 
H. L. Kinsolving and K. L. Palmquist have been promoted to associate pro- 
fessorships; Assistant Professor A. R. Craw has been recalled to active duty 
in the United States Navy; Assistant Professor A. H. Steinbrenner is on leave 
of absence during 1951-52. 

At the University of Colorado: Associate Professor Albert Edrei of the 
University of Saskatchewan has been appointed to an assistant professorship; 
Assistant Professor A. B. Farnell is on leave of absence and is teaching at the 
United States Military Academy. 

The University of Michigan announces the following: Assistant Professor 
Gail Young has been promoted to an associate professorship; Dr. E. E. Moise 
has been promoted to an assistant professorship; Dr. Raoul Bott, who has 
been studying at the Institute for Advanced Study, has been appointed to an 
instructorship; Dr. A. B. Clarke, formerly a graduate student at Brown Univer- 
sity, has been appointed to an instructorship; Assistant Professor W. J. Le- 
Veque is on leave of absence and is studying at the University of Manchester, 
England. 

The University of North Carolina at Chapel Hill reports the following: 
Professor E. A. Cameron has been granted a leave of absence for 1951-52 and 
is visiting a number of universities under the provisions of an Educational 
Foundation Fund grant; Assistant Professor I. R. Hershner has been granted a 
leave of absence due to his recall to active service as an officer in the United 
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States Army. 

The University of North Carolina, Woman’s College, announces: Miss 
Frances E. Wolfe, previously an instructor at the University of Kansas, has 
been appointed to an instructorship; Assistant Professor Lila P. Walker has 
been granted a leave of absence for 1951-52 and is engaged in graduate work 
at the University of North Carolina at Chapel Hill. 

The University of South Dakota makes the following announcements: In- 
structor Don Alkire of the University of Kansas and Instructor Norman Hoover 
of Washburn University have been appointed to instructorships; Professor 
W. W. Gutzman is on leave of absence and is located at Dahlgren, Virginia. 

At the University of Toronto: Professor G. G. Lorentz, formerly special lec- 
turer and holder of Lady Davis Foundation Fellowship, has been promoted to 
an assistant professorship; Dr. J. A. Jacobs, formerly lecturer in Applied Mathe- 
matics at Royal Halloway College, has been appointed Associate Professor of 
Applied Mathematics; Dr. Abraham Robinson, previously deputy head of the 
Department of Aerodynamics of the College of Aeronautics at Cranfield, has 
been appointed Associate Professor of Applied Mathematics. 

Washington University announces the appointments of Mr. J. W. Diesel and 
Mr. D. L. Guy to graduate assistantships. 

Wisconsin State College at LaCrosse announces the following: Professor 
L. K. Adkins, who has served as Head of the Department of Mathematics for 
thirty-three years, has retired with the title of Professor Emeritus; also, Profes- 
sor Adkins was retired recently from the Reserve Component of the United 
States Army and given a commission as Colonel, Honorary Reserve; Mr. Arnold 
Temte has become a member of the mathematics staff. 

Assistant Professor L. V. Albero of Western Reserve University has resigned 
from this position and is a member of the staff of the Laboratory of the National 
Advisory Committee for Aeronautics, Cleveland. 

Dr. R. W. Allen, formerly a graduate student at St. Louis University, has 
been appointed to an instructorship at Xavier University, Cincinnati. 

Mr. F. H. Applebaum, formerly a student at the University of Pennsylvania, 
is Assistant Life Actuary in the Insurance Department, Commonwealth of 
Pennsylvania, Philadelphia. 

Associate Professor Iola M. Baker of Western Reserve University has been 
promoted to a professorship. 

Instructor A. F. Bartholomay of Rutgers University has resigned from this 
position and is working at the Laboratory for Electronics, Boston. 

Mr. S. K. Berberian, previously a graduate student at the University of 
Chicago, has been appointed to an instructorship at Southern Illinois Univer- 
sity. 

Professor L. M. Blumenthal is on leave of absence from the University of 
Missouri in order to join the staff of the Institute for Numerical Analysis, Na- 
tional Bureau of Standards, Los Angeles. 

Assistant Professor H. D. Brunk of Rice Institute is employed now as 
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Mathematician in the Systems Evaluation Department, Sandia Corporation, 
Albuquerque. 

Associate Professor A. B. Carson has been promoted to the position of Pro- 
fessor and Head of the Mathematics Department of the United States Air Forces 
Institute of Technology. 

Dr. E. D. Cashwell, formerly of Ohio State University, is a member of the 
staff of Los Alamos Scientific Laboratory. 

Mr. H. E. Chrestenson, who has been a teaching assistant at the State Col- 
lege of Washington, is now a teaching fellow at the University of Oregon. 

Assistant Professor Eckford Cohen of Syracuse University is now at the 
Institute for Advanced Study. 

Dr. B. H. Colvin, formerly of the University of Wisconsin, is with the 
Mathematical Services Group, Boeing Airplane Company, Seattle. 

Professor N. A. Court of the University of Oklahoma has retired with the 
title of Professor Emeritus. 

Mr. M. R. Demers, University of Nevada, has been promoted to an assistant 
professorship. 

Mr. R. E. Dowds, previously a student at Kent State University, has ac- 
cepted a position as Mathematician at the Naval Ordnance Plant, Indianapolis. 

Assistant Professor W. H. Durfee of Dartmouth College is now at the Na- 
tional Bureau of Standards, Washington, D. C. 

Mr. R. E. Ekstrom, formerly an assistant instructor at Westminster Col- 
lege, Missouri, has a position as Mathematician at the United States Naval 
Ordnance Plant, Indianapolis. 

Mr. Norbert Ellman, previously of the Milwaukee School of Engineering, 
has been appointed to an instructorship at Marquette University. 

Instructor J. C. Gibson of Rensselaer Polytechnic Institute is associated 
now with the Department of Applied Science, International Business Machines 
Corporation, Albany. 

Associate Professor J. R. Hanna of the University of Wichita is on leave of 
absence during 1951-52 and is serving as a part-time instructor at the Univer- 
sity of Colorado. 

Instructor J. C. Harden, Jr., of Clemson Agricultural College has been pro- 
moted to an assistant professorship. 

Mr. J. J. Hart has accepted a position as Mathematician at Redstone 
Arsenal, Huntsville, Albama. 

Mr. F. C. Hatfield of Bemidji State Teachers College, Minnesota, has been 
appointed to an instructorship in the Department of Physics and Physical Sci- 
ence, Blackburn College. 

Mr. Julius Honig, previously a mathematician at the National Bureau of 
Standards, Washington, D. C., has been appointed Research Analyst in the 
Department of Defense, Washington, D. C. 

Mr. D. M. Houser, formerly a graduate assistant at Kansas State College, 
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has a position as Mathematician with the Electrical Staff Department, Boeing 
Airplane Company, Wichita. 

Associate Professor L. W. Johnson of Purdue University has been appointed 
Professor and Head of the Mathematics Department of Oklahoma Agricultural 
and Mechanical College. 

Research Assistant Professor Joseph Keller of Washington Square College, 
New York University, has been promoted to a research associate professorship. 

Instructor Ruth E. Kennedy of Louisiana Polytechnic Institute is teaching 
now in Neville High School, Monroe, Louisiana. 

Instructor A. E. Kinney of New York State Maritime Academy, Fort 
Schuyler, has been promoted to an assistant professorship. 

Dr. P. E. Klopsteg has been granted a leave of absence from his position as 
Professor of Applied Science and Director of Research of Northwestern Institute 
of Technology so that he may serve as Assistant Director of the National Sci- 
ence Foundation for the Division of Physical, Mathematical and Engineering 
Sciences. 

Assistant Professor C. E. Langenhop of Iowa State College has accepted a 
position as Acting Director of Analytical Research Group, Princeton University. 

“Mr. A. S. Lee, Jr., formerly a graduate student at Southern Methodist Uni- 
versity, has accepted a position as Mathematician in the Research Laboratory, 
Magnolia Petroleum Company, Dallas. 

Professor Charles Loewner of Syracuse University has been appointed to a 
professorship at Stanford University. 

Mr. Roy Long, previously a graduate student at the University of Georgia, 
is now Job Analyst in the Civilian Personnel Office, Camp Gordon, Georgia. 

Instructor Martin Maltenfort of Manhattan College has been promoted to 
an assistant professorship; at present he is on leave of absence and is serving 
with the United States Army in Washington, D. C. 

Mr. F. H. McGar, Jr., has been appointed to an instructorship at Sweet 
Briar College. 

Mr. A. E. Miller, formerly a student at the University of Pennsylvania, is 
now Assistant Research Engineer for the Burroughs Adding Machine Company, 
Philadelphia. 

Dr. B. E. Mitchell, who was a graduate assistant at the University of Wis- 
consin, has been appointed to an assistant professorship at Alabama Polytechnic 
Institute. 

Mr. J. S. Morison has accepted a position as Mathematician at Douglas Air- 
craft Company, Santa Monica. 

Mr. D. E. Morrill, previously a graduate fellow at the University of Missis- 
sippi, is serving in the United States Army. 

Lecturer Leo Moser of the University of Manitoba has been appointed 
Lecturer at the University of Alberta. 

Associate Professor David Moskovitz of Carnegie Institute of Technology 
has been promoted to a professorship. 
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Graduate Assistant J. A. Nickel of Oregon State College is now a research 
assistant at Indiana University. 

Mr. D. G. O'Connor, who has been Junior Engineer, Sylvania Electric Com- 
pany, Bayside, Long Island, is employed as Design Engineer by International 
Business Machines Corporation, Endicott, New York. 

Emeritus Dean J. R. Overman of the College of Liberal Arts, Bowling Green 
State University, has been named Dean of Faculties. 

Mr. Frank Pomilla, formerly a member of the Mathematics Department of 
St. John’s College, St. John’s University, is now on the staff of the Department 
of Physics. 

Dr. R. F. Reeves of Iowa State College has been appointed to an instructor- 
ship at Ohio State University. 

Instructor A. A. Ritchie of the University of Tennessee has accepted a posi- 
tion as a teacher at Ponca City Senior High School, Oklahoma. 

Mr. G. R. Schriro, who has been teaching at North Plainfield High School, 
New Jersey, is teaching now at Farmingdale High School, Long Island. 

Instructor C. E. Shotwell of the University of the South has been pro- 
moted to an assistant professorship. 

Mr. J. A. Silva, formerly an instructor at Duke University, has a position as 
Research Associate at the Institute for Cooperative Research, Johns Hopkins 
University. 

Instructor R. L. Snider of the University of Missouri is teaching now at 
Community High School, Blue Island, Illinois. 

Mr. R. H. Spohn has accepted a position as Mathematician at the Kellex 
Corporation, New York City. 

Graduate Assistant R. A. Spong of Northwestern University is now Mathe- 
matician in the United States Navy Underwater Sound Laboratory, Fort Trum- 
bull, New London, Connecticut. 

Dr. C. G. Stipe, professor of mathematics and Dr. J. H. Service, professor of 
physics, Michigan College. of Mining and Technology, have completed the 
monumenting of the water boundaries between the states of Michigan, Minne- 
sota and Wisconsin; this work was done during the past two summers for the 
Joint Survey Commission of the three states. 

Mr. E. J. Stulken has been promoted to the position of Chief Seismologist of 
Geophysical Service, Dallas. 

Assistant Professor D. B. Sumner of McMaster University has been pro- 
moted to an associate professorship. 

Miss Anna L. Taylor has been appointed Mathematician at the United 
States Naval Ordnance Test Station, Pasadena. 

Mr. H. R. Uhl, formerly a graduate teaching feilow at Tulane University, is 
serving in the United States Navy. 

Assistant Professor M. C. Waddell of Western Reserve University is now at 
the Applied Physics Laboratory, Silver Spring, Maryland. 
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Graduate Assistant A. M. Wedel of Iowa State College has been appointed 
to an assistant professorship at Bethel College, Kansas. 

Instructor Anne M. Whitney of the University of Pennsylvania has been 
appointed to an assistant professorship at Goucher College. 

Assistant Professor Louise A. Wolf of the University of Wisconsin in Mil- 
waukee has been promoted to an associate professorship. 

Instructor D. M. Young, Jr., of Harvard University has a position as Mathe- 
matician at Aberdeen Proving Ground, Maryland. 

Graduate Assistant R. L. Young, University of Denver, has a position as 
Mathematician at Wright-Patterson Air Force Base, Dayton. 

Assistant Professor H. J. Zimmerberg of Rutgers University has been pro- 
moted to an associate professorship. 


Miss Elsie O. Bull, retired head of the Department of Mathematics, State 
Teachers College, Chester, Pennsylvania, died on November 2, 1951. 

Professor L. C. Mathewson of Dartmouth College died on October 27, 1951. 
He was a charter member of the Association. 

Emeritus Professor J. F. Messick of Emory University died on October 6, 
1951. He was a charter member of the Association. 

Mr. Justin Nicolet, a structural engineer for the Department of Subways 
and Highways, Chicago, died on October 22, 1951. He had been a member of 
the Association for thirty-three years. 

Professor J. B. Rosenbach, head of the Department of Mathematics of 
Carnegie Institute of Technology, died on November 6, 1951. He had been a 
member of the Association for thirty-five years. He was a member of the Board 
of Governors of the Association and had served recently as Chairman of the 
Allegheny Mountain Section. 

Dr. J. I. Vass, who was retired from his position as instructor at the Uni- 
versity of Wisconsin in Milwaukee, died on March 31, 1951. He had been a 
member of the Association for twenty-seven years. 

Emeritus Professor H. C. Wolff, Drexel Institute of Technology, died on 
October 30, 1951. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
thirty-one persons have been elected to membership by the Board of Governors 
on applications duly certified. 
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J. D. Baum, M.A.(Yale) Grad. Student, Yale 
University, New Haven, Conn. 

Mrs. Louise G. Bevar, Ph.D. (Vienna, Aus- 
tria) Head of Mathematics Department, 
Our Lady of Cincinnati College, Cincin- 
nati, Ohio. 

Mrs. SHirRLEY A. BLACKETT, M.Ed. (Penna. 
State) Test Constructor, Educational 
Testing Service, Princeton, N. J. 

K. H. Carson, M.S. (Iowa) Instr., Michigan 
State College, East Lansing, Mich. 

R. J. Cormier, B.S.(Chattanooga) Grad. 
Student, University of Alabama, Univer- 
sity, Ala. 

ME tcuorr D1 B.S. (Wagner) 
Mathematician, Department of the Air 
Force, Washington, D. C. 

N. L. Ettmann, M.S.(Marquette) Instr., 
Marquette University, Milwaukee, Wis. 

G. F. FEeMan, B.S.(Muhlenberg) Grad. As- 
sistant, Lehigh University, Bethlehem, Pa. 

J. F. Foster, Jr., M.A.(Harvard) Instr., 
University of Arizona, Tucson, Ariz. 

Joun HitzMan, Student, University of Rhode 
Island, Kingston, R. I. 

L. B. Houx, Student, Marquette University, 
Milwaukee, Wis. 

R. B. KELLoGG, Student, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 

RoBeErT Krans, B.A.(Hope) Asst. Instructor, 
University of Arizona, Tucson, Ariz. 

H. T. LaBorpbeE, M.A.(South Carolina) Part- 
time Instructor, University of North 
Carolina, Chapel Hill, N. C. 

R. M. Laxness, Ph.D.(California) Instr., 
University of California, Berkeley, Calif. 

S. L. Lima, B.A.(Kansas) Mathematician, 
Los Alamos Scientific Laboratory, N. Mex. 
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R. B. Lyon, M.S.(Idaho) Asso. Professor, 
Arizona State College, Tempe, Ariz. 

G. C. McCoyp, Student, St. John’s Univer- 
sity, Brooklyn, N. Y. 

D. E. Ricumonp, Ph.D.(Cornell) Professor, 
Williams College, Williamstown, Mass. 
(On leave and a Lecturer at M.I.T. for the 
year) 

W. E. RUuEL, Student, St. John’s College, 
Brooklyn, N. Y. 

D. H. SHarrer, M.S.(Carnegie) Asst. Re- 
search Mathematician, Carnegie Institute 
of Technology, Pittsburgh, Pa. 

V. Ssore, A.B.(Randolph-Macon 
Woman’s C.) Teacher, Hickory High 
School, N. C. 

ANNETTE SINCLAIR, Ph.D. (Illinois) Instr., 
University of Tennessee, Knoxville, Tenn. 

C. R. Swenson, M.A.(Emory) Asst. Profes- 
sor, Georgia Institute of Technology, At- 
lanta, Ga. 

R. E. Tuomas, M.A.(Ohio State) Instr., 
State University of Iowa, Iowa City, Iowa. 

EvuGENE Usp1n, B.S.M.E.(Purdue) Research 
Engineer, Stanolind Oil and Gas Company, 
Tulsa, Okla. 

F. B. VAN Wyk, Student, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 

L. F. WanLstTRoM, Ph.D.(Wisconsin) Teacher, 
Eau Claire State College, Wis. 

SuE R. WALpMAN, Student, Hofstra College, 
Hempstead, N. Y. 

Maria A. WEBER, Ph.D.(Cornell) Lecturer, 
University of California at Los Angeles, 
Calif. 

J. H. Wotr, Jr., M.A.(Buffalo) Dynamic 
Analysis, Bell Aircraft Corporation, Ni- 
agara Falls, N. Y. : 


MARCH MEETING OF THE SOUTHEASTERN SECTION 


The annual meeting of the Southeastern Section of the Mathematical Asso- 
ciation of America was held at Vanderbilt University and George Peabody 
College for Teachers, Nashville, Tennessee, on Friday and Saturday, March 
16-17, 1951. Professor C. G. Phipps, Chairman of the Section, and Professor 
B. G. Clark, Vice-Chairman, presided over the general sessions, Professors H. S. 
Kaltenborn, I. E. Perlin, Augustus Sisk and F. L. Wren presided over subsec- 
tions, and Vice-Chancellor C. M. Sarratt, Vanderbilt University, was the mas- 
ter of ceremonies Friday evening at the dinner in honor of Professor Saunders 
MacLane, guest of the Section. 

There were about one hundred seventy present including the following 
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eighty members of the Association: E. S. Ashcraft, J. H. Banks, W. R. Baum, 
W. S. Beckwith, A. H. Black, R. V. Blair, Floyd Bowling, M. G. Boyse, C. L. 
Bradshaw, S. K. Bright, N. R. Bryan, B. F. Bryant, B. G. Clark, G. M. Conwell, 
R. W. Cowan, J. C. Currie, H. J. Dark, L. A. Dye, E. L. Eagle, R. B. Folsom, 
J. R. Garrett, D. B. Goodner, W. W. Graham, B. F. Hadnot, J. J. Hart, P. R. 
Hill, Sr., A. T. Hind, C. W. Hook, L. P. Hutchison, J. A. Hyden, S. L. Jamison, 
T. L. Jordan, Jr., H. S. Kaltenborn, J. W. LaGrone, J. N. P. Lawrence, R. J. 
Levit, F. A. Lewis, Lee Lorch, G. H. Lundberg, Saunders MacLane, Elna B. 
McBride, W. G. McGavock, S. W. McInnis, W. N. Mebane, Nellie P. Miser, 
W. L. Miser, R. H. Moorman, W. V. Neisius, T. A. Newton, Lillian G. Perkins, 
I. E. Perlin, C. G. Phipps, V. Elise Qualls, Ellen F. Rasor, L. T. Ratner, G. E. 
Reves, H. A. Robinson, E. B. Shanks, D. C. Sheldon, Augustus Sisk, C. B. 
Smith, E. L. Stanley, L. W. Stark, R. B. Stiles, H. E. Taylor, W. C. Taylor, 
Jr., J. M. Thomas, J.C. Thurman, H.S. Thurston, G. L. Tiller, E. A. Voorhees, 
Jr., D. T. Walker, J. G. Wall, J. R. Wesson, M. C. Wicht, W. L. Williams, 
R. L. Wilson, G. N. Wollan, R. S. Wollan, F. L. Wren. 

At the business session the following officers were elected: Chairman, B. G. 
Clark, Vanderbilt University; Vice-Chairman, H. K. Fulmer, Georgia Institute 
of Technology; Secretary-Treasurer, H. A. Robinson, Agnes Scott College. The 
Section voted to hold its next meeting on March 21-22, 1952, at Georgia In- 
stitute of Technology and Agnes Scott College. 

The program consisted of the following papers: 

1. A system of envelopes associated with the cuspidal cubic, by Professor A. H. 
Black, Southern Illinois University. 

From a point on the cuspidal cubic ky? =x* there is one tangent to the cubic having point of 
contact T and x and ¥ intercepts R and S. For all positions of Q the ratios of the distances between 
Q, R, S, and T are constant. At a point P, dividing any of the above segments into the ratio :/rs, 
the line perpendicular to the tangent envelops a curve. The equations and the properties of this 
system of curves were discussed. 


2. On defining some elementary functions, by Professor J. C. Currie, Georgia 
Institute of Technology. 


Some classroom notes on the definitions of log x, sin x, and e** were discussed. 


3. Magic circles, by Professor S. W. McInnis, University of Florida. 

In this paper the author discussed the various types of magic circles, their essential properties, 
and their formation from certain magic squares. 

4. A simple method for estimating retirement allowances, by Professor R. J. 
Levit, University of Georgia. 


Upper and lower bounds were obtained for the amount of an annuity with periodic payments 
varying in accord with certain hypotheses. The result finds application in estimating the allowance 
to be expected under retirement systems of the usual contributory type. 


5. Maxima and minima under restraint, by Professor C. G. Phipps, Uni- 
versity of Florida. To appear in an early issue of this MONTHLY. 
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6. Some notes on the Sylvester eliminant, by Professor F. L. Wren, George 
Peabody College for Teachers. 
The pivotal element method for evaluating a determinant, when applied to the Sylvester 


eliminant of two equations, is very effective in determining the highest common factor of the two 
functions and the roots common to the two equations. 


7. On the binomial series, by Mr. G. N. Wollan, University of Georgia. 


Facts regarding convergence and summability of the binomial series were summarized. 


8. Notes on graphical computation, by Mr. M. D. Prince, Engineering Ex- 
periment Station, Georgia Institute of Technology, introduced by the Secretary. 
This speaker presented a coordinate system on which sinusoidal functions plot as straight 
lines. Properties of this coordinate paper were discussed, including its application to graphical 


solutions, and its use in solving certain one and two parameter equations involving sine and cosine 
functions. 


9. Partition of space, by Professor H. A. Robinson, Agnes Scott College. 

This speaker considered as an application of combinatory analysis certain problems of the 
partition of space. 

10. Summation of polynomials, by Mr. A. T. Hind, Jr., University of Georgia. 


The formulas for the sums of squares and higher powers were proved by elementary methods 
of the calculus of finite differences. The summation procedure was also used in determining the 
sum of an infinite series and in solving “shot-piling” problems. 


11. The Clairaut partial differential equation, by Professor I. E. Perlin, Geor- 
gia Institute of Technology. 
A complete integral for the Clairaut partial differential equation can be obtained from the 


Lagrange-Charpit method by reducing the given equation to an ordinary Clairaut differential 
equation. 


12. On orthogonality properties of solutions of a certain linear differential equa- 
tion, by Professor R. W. Cowan, University of Florida. 


A general solution of the second order differential equation containing two parameters is ob- 
tained by Frobenius method. Particular solutions are shown to satisfy several recurrence relations. 
Under certain conditions these particular solutions are proved orthogonal. 


13. Remarks concerning the limit of error for Simpson's rule, by Mr. J. G. 
Wall, University of Georgia. . 


A simple and direct derivation of the limit of error for Simpson’s rule is given. This derivation 
is not generally given in calculus text books. 


14. A method for summing convergent alternating series, by Professor B. F. 
Hadnot, North Georgia College. 


In this paper a method for summation of convergent alternating series by the use of summa- 
tion by parts and the Euler-Maclaurin summation formula was established. 


15. Moisture stresses in certain types of wood laminates, by Professor C. B. 
Smith, University of Florida. 
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This investigation is concerned with the elastic behavior of a two-layer wood plate subjected 
to a uniform change in moisture content. The plate considered is general since the direction of the 
grain in one layer is assumed to be inclined at any angle with the direction of the grain in the other 
layer. By means of a mathematical analysis the distribution of stress in infinite two-layer plates is 
discussed. It is also shown that all plates of this type will warp unless the direction of the grain is 
the same in both layers. 


16. A determinant for statistical moments, by Professor W. V. Neisius, Geor- 
gia Institute of Technology. 


An nth order determinant was developed for converting moments about the origin to moments 
about the mean. Also the determinant for uj in terms of 1, 42 * «+ , 4; Was developed. In each case, 
the method of pivotal condensation was used. By means of one of the many convenient methods 
which have been developed for evaluating a determinant, these expressions prove useful for cal- 


culating purposes. 


17. An application of the theory of normal families to a problem in Riemann 
surfaces, by Dr. H. E. Taylor, The Florida State University. 


The classical theorem, “Every family of functions holomorphic in a domain D and which fail 
to take two values is a normal family” is used to prove that a certain Riemann surface is the image 
of the z-sphere less the point z= ©. The proof is by contradiction. 


18. Solution and generalization of a problem in the MonTHLY, by Mr. T. A. 
Newton, University of Georgia. 


A solution of problem number 4374 in this MonTHLy, December, 1949, concerning the Abel- 
Dini theorem for divergent series, as well as a solution for a more general form of the problem, was 
obtained by applying a theorem of de La Vallee Poussin concerning divergent series. 


19. What makes students think? by Professor Saunders MacLane, University 
of Chicago. 


The question is a hard one to which in discouragement a teacher might answer: nothing. 
Nevertheless it is an important one, and subsumes the most important objective of our teaching. 
Making students think is more basic than making students use mathematics in connection with 
other disciplines. Current educational theory has failed in not sufficiently emphasizing this point. 
It is thus something with which the Mathematical Association is seriously concerned. 

A still further question is: What makes students do original thinking? Various methods of 
training original thinkers at different mathematical centers may be compared. The results show 
that there are and can be effectual ways of making students think and think originally, but that 
there is no standardized way of doing this all in the same fashion, for all schools, all teachers, and 
all students. Thinking must fit the circumstances, so must teaching to think. 


20. Cardinal lattices, by Professor L. T. Ratner, Vanderbilt University. 


A cardinal lattice is defined to be an isomorph of the lattice of all T-space topologies inducible 
on a given point set. One topology is said to be “weaker” than another topology if every set open 
in the first topology is also open in the second; this partial ordering makes a complete lattice out 
of the topology totality. A cardinal lattice is modular if and only if it (or some isomorph) is gen- 
erated by a set containing fewer than three points. Additional observations deal with sublattices 
generated when the base set is required to carry an algebraic structure, with all operations assumed 
continuous. 


21. A simplified Tschirnhaus transformation, by Professor H. S. Thurston, 
University of Alabama. 
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An elementary method for determining the transformation p=¢(n), where 7 is a primitive 
number of the field Ra(p), was presented. For the general irreducible equation satisfied by p, a func- 
tion can be found whose vanishing is the necessary and sufficient condition that » be imprimitive, 


22. The definition of conics in analytic geometry, by Professor L. A. Dye, The 
Citadel. 


This paper develops the thesis that the study of the conics will proceed more smoothly and 
logically, if an analytic definition for these curves is used. 


23. On conic sections in the elliptic plane, by Professor D. B. Goodner, The 
Florida State University. 


Standard forms, developed by elementary methods, of the equations of the conic sections in 
the elliptic plane were shown to be special cases of the standard form of the equation of the ellipse, 
A method of classifying these standard forms was introduced. 


24. On identities and the use of the identity sign, by Professor C. G. Phipps, 
University of Florida. 


A conditional equation, written with a two-barred sign, always contains at least one de- 
pendent variable. An identity, written with a three-barred sign, mever contains a dependent vari- 
able. Consequently, the sign in the equation defining the value of a measurable quality should 
have two bars, not three. This convention is frequently violated. On the other hand, equations 
relating to homogeneous functions which are true identities are seldom written as such. Further- 
more, identities, since they impose no conditions upon the variables appearing in them, should 
never be counted among a set of equations to be solved simultaneously. Confusion in these matters 
can be avoided only by the proper designation of each type of equation, either by the use of the 
appropriate equality sign or by some other specific means. 


25. Connectivity and homotopy groups, by Professor Saunders MacLane, Uni- 
versity of Chicago. 


The study of homotopy groups is currently one of the most active aspects of algebraic topology. 
The first homotopy group (fundamental group) of a topological space X has as elements equiva- 
lence classes of mappings of a unit interval into X, with both ends of the interval mapped into the 
chosen base point. Similarly, elements of the second homotopy group are equivalence classes of 
continuous mappings of the unit square into the space, with the whole boundary mapped into the 
base point. The multiplication of elements in the second and higher homotopy groups is abelian. 
The explicit computation of the higher homotopy groups of simple spaces is notoriously difficult, 
even for the homotopy groups of higher dimensional spheres. Recent spectacular results of J. P. 
Serre have given much new information; in particular, it is now known exactly which homotopy 
groups of which spheres are infinite. Recent results of Eilenberg-MacLane give an effective alge- 
braic determination of all the singular homology groups of a space when only one homotopy group 
is not trivial. 


26. Poles and polars with respect to a triangle with an application, by Professor 
Augustus Sisk, Maryville College. 
The speaker derived the equations for the transformation carrying a point into its polar line. 


This transformation was used to solve a certain problem in which trilinear coordinates were em- 
ployed. 


27. Integral right triangles with an integral acute angle bisector, by Mr. D. T. 
Walker, University of Georgia. 
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Any integral right triangle has sides 2mt, t(m*—n*), t(m*-+-n*), where m and n are integers 
such that m and n are relatively prime, of opposite parity, and unequal, and ¢ is any integer. 
Some such triangles have an integral bisector of one acute angle; i.e., in triangle (28, 96, 100), 35 
bisects the angle opposite 96. This paper discussed the form of such triangles having an integral 
acute angle bisector. 


28. The coefficients of a regular normal operator, by Professor S. L. Jamison, 
Florida State University. 
The coefficients of a normal operator N(z) which is expressible as a convergent power series 


in the complex parameter z were shown to form an abelian system of normal operators. However, 
if the parameter involved is a real parameter, these coefficients need not even be normal. 


29. A synthetic device for G. C. D. process, by Professor E. B. Shanks, Vander- 
bilt University. 

Let f and g be polynomials of degrees m and m (mSn) and with leading coefficients fy and 
go respectively. By means of the operation f-g=x(fog —gofx"-) for polynomials and its analogue 
for n-tuples, a synthetic procedure was demonstrated for dividing any two polynomials, for ob- 
taining their greatest common divisor, for determining the vanishing or non-vanishing of their 
resultant, for solving systems of linear equations and for evaluating determinants. This “syn- 
thetic elimination” procedure effects a great saving in time and is accomplished without use of the 
process of division. 


30. The historical development of the function concept, by L. W. Stark, George 
Peabody College for Teachers. 
Using a number of references from classical mathematical textbooks and articles, the author 


traced the broadening concept of function from the definition given by Jean Bernoulli to the defini- 
tions given by Dedekind and Hobson. 


31. A survey course in mathematics for college students, by Professor H. S. 
Kaltenborn, Memphis State College. 


The “cultural” type of course, for students interested in acquiring a general education, was 
discussed with regard to its objectives, selection of topics and method of presentation. 


32. An analysis and evaluation of college undergraduate mathematics, by Pro- 
fessor N. R. Bryan, Clemson College. 
Much greater coordination should be attained in undergraduate mathematics if each subject 


is developed according to the demands of the subject. The order of topics in general should be 
influenced by the demands of other courses which follow. 


33. Abridged multiplicaton, by Professor P. R. Hill, Sr., University of Geor- 
gia. 


The importance of abridged multiplication in college mathematics was shown. The method 
outlined operates on simple rules, easy to master and to apply. No unnecessary figures or marks 
were used in this thoroughly stream-lined multiplication. 


H. A. Rosinson, Secretary 
APRIL MEETING OF THE NEBRASKA SECTION 


The twenty-seventh annual meeting of the Nebraska Section of the Mathe- 
matical Association of America was held at the University of Nebraska in Lin- 
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coln on Saturday, April 21, 1951. Professor Morris Dansky presided at the two 
sessions. 

Thirty-three persons attended the morning session including the following 
twenty-one members of the Association: M. A. Basoco, H. W. Becker, A. K. 
Bettinger, Jessie W. Boyce, C. C. Buck, C.C. Camp, F. Marion Clarke, H. M. 
Cox, Morris Dansky, J. M. Earl, C. B. Gass, Edwin Halfar, R. E. Heath, 
E. H. C. Hildebrandt, L. M. Larsen, W. G. Leavitt, W. T. Lenser, E. J. Lowry, 
H. B. Ribeiro, H. L. Rice, Lulu L. Runge. 

Officers elected at the meeting were: Chairman, W. G. Leavitt, University 
of Nebraska; Vice Chairman, Morris Dansky, Creighton University; Secretary, 
Edwin Halfar, University of Nebraska. 

Professor H. T. Muhly of the University of Iowa was the guest speaker of 
the Association at both sessions. The afternoon session was held in conjunction 
with the Nebraska Section of the Council of Mathematics Teachers. At this 
session, Professor E. H. C. Hildebrandt of Northwestern University was also a 
guest speaker. 

The following papers were presented: 

1. On the nature of algebra, by F. Marion Clarke, University of Nebraska. 

This speaker sketched the changes in the meaning of algebra from the first clumsy attempts to 
find a quantitative unknown to the modern structure theory in terms of a highly specialized set of 
symbols. It can be shown that the underlying spirit of algebra to reduce parts to a whole persisted 
through its development, and that the particular direction of this development was inspired by the 
need to formalize the physical problems of the age. 


2. Probleme des Timbres Poste, by H. W. Becker, Electronic Radio-Television 
Institute, Omaha. 


Perhaps the foremost unsolved problem of combinatory analysis is the determination of the 
number of ways of folding a strip of m duplicate areas into one area. This is isomorphically the 
number of planar permutations of n letters, that is, the number of Sainte-Lague permutation dia- 
grams without crossovers. These are important in aesthetics and physics, being topologically 
arabesques, spirals, sine waves, hysteresis curves, etc. The speaker discussed recent work of Errera, 
Sade, Touchard (Canadian Jour. of Math., II, 1950, pp. 385-398) and Sainte-Lague, Avec Des 
Nombres Et Des Lignes (Paris, 1937, 147-162). He exhibited tables of his own classifications of fold- 
ings through n=10 with respect to beginnings, progeny, inversions, etc. The latter bear a decep- 
tive resemblance to the enumeration of series-parallel circuits. 


3. The renaissance in algebraic geometry, by H. T. Muhly, University of 
Iowa, introduced by the Secretary. 


During the decade of the 1930’s there occurred a new burst of activity in the field of algebraic 
geometry. The new vistas which these efforts have revealed are today only partially explored, and 
yet the subject has already undergone profound changes both in method and scope. This activity, 
which is now in full swing, started when it was realized that modern arithmetical theories afford 
the proper tools for dealing with algebraic varieties in a rigorous manner. There resulted a union 
of geometry and arithmetic which has greatly enriched both branches. Any partial list of names of 
those responsible for bringing about this union would have to include O. Zariski, A. Weil, C. 
Chevalley, H. Hasse, F. K. Schmidt, and B. L. van der Waerden. 

Surprisingly enough the effectiveness of arithmetical methods in the theory of algebraic func- 
tions was recognized as early as 1882 by R. Dedekind and H. Weber. Their arithmetic formulation 
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of the notion of a place of the Riemann surface of a field of algebraic functions of one variable 
can be regarded as pointing the way not only to Zariski’s systematic application of the theory of 
valuations to birational transformations, but also to his definition of a simple point in terms of its 
local ring and his arithmetic formulation and solution of the problem of local uniformization. 


4. Study of an elementary proof of Schur’s lemma, by H. B. Ribeiro, Univer- 
sity of Nebraska. 
Schur’s lemma is obtained as an immediate consequence of an almost obvious theorem on 


mappings of sets and very few basic facts of linear algebra. The used type of analysis is not new. 
The proof is intended to improve the usual elementary presentation of the subject. 


5. The stability of the cumulative mean mark, by H. M. Cox, University of 
Nebraska. 

The mean marks of 382 senior students in the University of Nebraska have been computed 
each semester, and coefficients of correlation have been calculated semester by semester and col- 
lege by college. Although there are significant differences between college and semester means 
(analysis of variance), the correlations are generally satisfactory whether computed within groups 
or combined. The mean marks for the second semester of residence appear to be more valid and to 
have a higher predictive value than do the mean marks for the first semester of residence. 


6. The Chinese remainder theorem, by W. G. Leavitt, University of Nebraska. 


This paper introduced the Chinese remainder theorem and gave a few of the high points of its 
long history. It indicated how the theorem appears in the light of modern algebra, and showed, 
as illustration, some of its applications to domains of analytic functions. 


7. Some attitude scores, by R. J. Agan, Nebraska State Teachers College, 
Wayne, Nebraska, introduced by the Secretary. 

A comparison of attitude scores made on the Conover Attitude Inventory before and after a 
course in driving. 

8. Various pressures and trends affecting Nebraska's secondary mathematics 
program, by M. W. Beckmann, University of Nebraska, introduced by the 
Secretary. 

There was a brief introduction giving the reasons for a re-examination of the aims and content 
of mathematics instruction. Data were given showing the trends in enrollment in certain mathe- 
matics courses, the status of mathematics with several organizations in Nebraska, and the effect 


of the recommendations of the national committee, called The Commission on Post-War Plans, 
on Nebraska’s secondary mathematics program. 


9. The role of the secondary schools in mathematical training, by Edwin Halfar, 
University of Nebraska. 


Taking into consideration the fact that most secondary schools in Nebraska must set up a 
mathematics program that must at the same time be adequate for those who are intending to do 
college work and those who are not, the author discussed the possible nature of such a program. 

10. What shall we do with mathematics? by E. H. C. Hildebrandt, North- 
western University. 


11. A proposal to improve the undergraduate curriculum, by H. T. Muhly, 
University of Iowa. 
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Since it is desirable for students in the natural science area to complete the calculus by the end 
of their sophomore year at the latest, and since it is not possible to assume that a beginning fresh- 
man has any knowledge of trigonometry, it is proposed that trigonometry be made an incidental 
part of a course in analytic geometry. The material of trigonometry can be presented as an applica- 
tion of the analytic method and can replace other illustrations. In particular, the theorem of 
Pythagoras in its analytic form (the “distance formula”) leads immediately to the law of cosines 
and to the addition formulas. It was the opinion of the speaker that the point of view that this 
approach would entail would serve the student’s needs far more than the excessive emphasis on the 
solution of triangles which is so often found in standard courses in trigonometry. 


12. A note on the effect of high school preparation in mathematics as measured 
by the Nebraska mathematics classification examination, by H. M. Cox, University 
of Nebraska. 


Questions on general mathematics (Part I) and questions on elementary high school algebra 
(Part II) differentiate sharply between students with two (or less) and three (or more) semesters 
of high school algebra. However, and for the effective use of the examination, there occur grada- 
tions in ascending order of mean score in accordance with the amount and variety of high school 
courses in mathematics. The Nebraska examination correlates satisfactorily with Section VI 
(Mathematics) of the Cooperative General Culture Test. 


Luu L. RuNGE, Secretary 


THE APRIL MEETING OF THE ROCKY MOUNTAIN SECTION 


The thirty-fourth annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at the Colorado State College of 
Education, Greeley, Colorado, on Friday and Saturday, April 20 and 21, 1951. 
Professor Dale O. Patterson, Chairman of the Section, presided at all the ses- 
sions. 

Of the approximately one hundred thirty persons who registered, the follow- 
ing fifty were members of the Association: C. F. Barr, W. E. Briggs, J. R. Brit- 
ton, R. G. Buschman, F. M. Carpenter, A. G. Clark, C. H. Cook, G. S. Cook, 
David Devol, Mary C. Doremus, A. B. Farnell, F. N. Fisch, R. R. Gutzman, 
Leota C. Hayward, I. L. Hebel, LeRoy Holubar, Burrowes Hunt, C. A. Hutchin- 
son, B. W. Jones, M. W. Jones, A. J. Kempner, Claribel Kendall, J. S. Leech, 
Garner McCrossen, H. C. McKenzie, M. L. Madison, D. C. B. Marsh, Jr., 
W. K. Nelson, Greta Neubauer, K. L. Noble, D. O. Patterson, H. C. Peterson, 
Lily B. Powell, G. B. Rice, O. H. Rechard, A. W. Recht, L. W. Rutland, Jr.. 
Nathan Schwid, W. N. Smith, L. C. Snively, M. E. Sperline, K. H. Stahl, P. O. 
Steen, J. F. Stockman, E. P. Tovani, E. L. Vanderburgh, V. J. Varineau, W. W, 
Varner, J. F. Wagner, Lillie Walters. 

At the business meeting, it was voted to hold the next annual meeting at 
Western State College, Gunnison, Colorado, in May, 1952. The following 
officers were elected for the ensuing year: Chairman, Professor C. H. Cook, 
Western State College; Vice-Chairman, Professor B. W. Jones, University of 
Colorado; Secretary-Treasurer, Professor J. R. Britton, University of Colorado. 

The program of papers for the Friday afternoon and Saturday morning ses- 
sions was as follows: ; 


1. Sidelights on certain topics in elementury statistics, by Professor A. G. 


) 
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Clark, Colorado A. & M. College. 
Various topics of the elementary course in statistics were discussed. These included bounds 


for the coefficient of correlation, the median as the value of M that minimizes }>; | M—x;|, and 
the probit diagram method for fitting distribution curves to sample data. 


2. Necessary and sufficient conditions on p and r that the equation x‘*+px?+r 
=0 be normal over the rational field, by Mr. W. E. Briggs, University of Colorado. 

Let —é’ be the roots of the irreducible equation x‘+-px?+r=0, where is an arbitrary 
root, and p and r are rational. The equation will be normal if R(#)=R(—t)=R(t’)=R(—?’), 
where R(t) is the field of all numbers of the form ao+a;¢+-a2t?+-a3¢? with the a; rational. The 
necessary and sufficient condition is that ¢’ be an element of R(é), or that a9 =a2=0, with a:=p/¥/r, 
a=1/1/7, in which case the Galois group is the four group, or with a,=(p?—2r)/./p*r—4r, 
a=p//p'r—4r’, which gives the cyclic group of order four. This implies that either r or p*r —4r? 
is a rational square. 


3. Remarks on complex numbers and their functions, by Professor (Emeritus) 
A. J. Kempner, University of Colorado. 

4. Generalized functional dependence, by Professor H. M. Jurney, Colorado 
School of Mines, introduced by Professor I. L. Hebel. 


The functional dependence of m functions u;(x1, +++, %m), t=1, ++, m, of m variables 
was discussed. The results may be expressed in the form of a theorem: 

A relationship of the form ¢(11, + + + , un) =0, exists for all values of x1, + + + , %m in some given 
domain of these variables if and only if the rank of the “Jacobian matrix” Jm, is less than m, where 


Jan eevee eee eee 


* 


5. Periodic solutions of nonlinear differential equations, by Professor A. B. 


Farnell, University of Colorado. 


A discussion was given of the use of fixed point theorems in proving the existence of periodic 
solutions of nonlinear differential equations, and, by way of illustration, the proof of the existence 
of such a solution for a particular equation was given. 


6. On automorphs of conic sections, by Professor B. W. Jones, University of 
Colorado. 


The linear transformations x=ax’+ fy’, y=yx'+édy’, with ai—By=1 which leave invariant 
the quadratic form x?+sy?, s0, were shown to satisfy the conditions a?+sy?=1, a=8, and, if 
a0, B= —sy. Hence 8 may be defined as the “conic cosine” of an angle 6 and the “conic sine.” 
If s=1 we have the circular functions, if s= —1, the hyperbolic functions. It was shown that such 
transformations may be used to eliminate the xy term in the equation of any conic section. 


7. The IBM card-programmed electronic calculator, by Mr. W. W. Varner, 
University of Colorado. 


This illustrated presentation described the physical appearance and operation of the recently 
released semi-portable IBM card-programmed electronic calculator. A specific problem was pre- 
sented and the details of programming introduced to illustrate the versatility of the machine as well 
as the technique of programming. A brief discussion of the arrangement of the calculation to mini- 
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mize storage requirements was included to call attention to the critical problem of storage limi- 
tation. 


8. Do you enjoy the problem sections in the Monthly? by Mr. Hans Stetter and 
Mr. Donald Tucker, Colorado A. & M. College, introduced by Professor M. L. 
Madison. 


Representative problems selected from the advanced problems section of late issues of this 
MonrTHLY were solved. The problems proposed in the MONTHLY can serve as a challenge to the 
undergraduate major in mathematics, and many of these problems can be solved by ingenious 
elementary devices. 


9. A note on income tax calculations, by Professor W. K. Nelson, University 
of Colorado. 


10. Occupational outlets in industrial and business fields for majors in mathe- 
matics, by Professor S. R. Smith, University of Wyoming. 


In the unavoidable absence of Professor Smith, this paper was read by Professor Greta Neu- 
bauer. 


11. Recent efforts and achievements in the revision of the high school mathe- 


matics program, and their significance in college, by Professor C. F. Barr, Uni- 
versity of Wyoming. 


Professor Barr presented a review of the content and grade placement of high school algebra 
and geometry. He then developed historically the opinions of well-known mathematicians and the 
various responses of mathematics teachers to these opinions, Two large resulting movements 
were described: one, the “two-track” movement in which algebra and geometry were taught to 
the superior pupils while a course with a utilitarian flavor was presented to those not capable of 
following the algebra-geometry track; the other movement being not the “two-track” one, but the 
socializing and popularizing of algebra and geometry, which were urged upon a majority, if not 
all, of the pupils. The objections to each of these programs were reviewed. The author proposed 
that a third program, consistent with the accepted purposes of mathematics, be considered, 
namely, the development of a course compiled from the everyday experiences of all normal citizens. 
This course he urged should be required of all pupils at some time in their high school program, re- 
gardless of their intellectual abilities, and that it be supplemented by algebra and geometry of the 
classical type if the student intended to pursue mathematics or if he expected to train in any 
technological field. The age level at which this course should be required was discussed briefly, with 


the observation that perhaps systematic experimentation alone would furnish any dependable 
answer. 


The after-dinner address Friday evening was given by the guest speaker, 


Professor G. B. Price, University of Kansas. Professor Price gave an illustrated 


lecture on the topic, Experiences of a Mathematician as an Operations Analyst 
with the Eighth Air Force in England. 


J. R. Britton, Secretary 


THE APRIL MEETING OF THE IOWA SECTION 


The Iowa Section of the Mathematical Association of America held its 
thirty-eighth annual meeting at Wartburg College, Waverly, Iowa, on Friday 
and Saturday, April 20-21, 1951. The Chairman, Professor D. L. Holl of the 
Iowa State College, presided at both sessions. 
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The meeting was attended by approximately fifty persons including the 
following thirty-three members of the Association: W. S. Bicknell, H. D. Block, 
I. H. Brune, E. L. Canfield, E. W. Chittenden, Marian E. Daniells, W. M. 
Davis, R. M. Deming, L. E. Ernsdorff, R. W. Gardner, B. E. Gillam, Cornelius 
Gouwens, F. S. Harper, J. J. L. Hinrichsen, D. L. Holl, G. E. Kaldenberg, G. L. 
Keppers, O. C. Kreider, R. J. Lambert, C. E. Langenhop, F. W. Lott, Jr., R. B. 
McClenon, Fred Robertson, Ralph M. Robinson, Hazel M. Rothlisberger, 
Augusta L. Schurrer, M. F. Smiley, F. M. Stein, H. P. Thielman, C. E. Van 
Horn, Bernard Vinograde, A. M. Wedel, E. A. Zubay. 

The following members were elected to serve as officers for next year: Chair- 
man, Professor L. E. Ernsdorff, Loras College; Vice-Chairman, Professor L. A. 
Knowler, State University of Iowa; and Secretary-Treasurer, Professor Fred 
Robertson, Iowa State College. 

The following papers were presented at the meeting: 

1. The Simpson quartic of a triangle, by Professor C. E. Van Horn, Wartburg 
College. 


Perhaps we catch the spirit of Euclid best when we so teach geometry that our students are 
encouraged to seek for new results (at least new to them). The illustrations show a few of the dis- 
coveries made in elementary geometry in modern times such as the so-called Simpson line of a point 
on the circumcircle of a triangle, the Euler line of a triangle, the nine-point circle, the mean or 
equilateral derivative of a triangle, and the Simpson quartic of a triangle with a few theorems 
connecting the above concept. 


2. Normal matrices and the characteristic root problems, by Mr. R. J. Lambert, 
Iowa State College. 


It is well known that if N is normal, the real parts of the characteristic roots of N are those 
of (V+N*)/2 where N* is the conjugate transpose of N. The imaginary parts of the roots are the 
characteristic roots of (N—N*)/2i. The purpose of this paper is to use these facts as a possible 
means of obtaining the characteristic roots (real or complex) of a given square matrix A. It can be 
shown that there exists a positive definite Hermitian matrix H such that HAH=N is normal. 
To find the transforming matrix H we use the conditions of normality, ie. HAH-'H™A*H 
=H-A*HHAH™ or JAJ“1A* =A*JAJ— where J =H?. If A is non-derogatory, then any matrix 
which commutes with A (or A*) is a polynomial in A. Therefore JAJ~!=P(A*) where P(X) de- 
notes a scalar polynomial in X. It can be shown that if A is real, P(X) has real coefficients and 
P(A)=J~A*J. For this case P[P(A)]=A. The coefficients of the polynomial have been worked 
out by the author for the second and third order cases. If only the characteristic roots are desired, 
the matrix J need not be found since the real parts of the roots of A are those [A +P(A)]/2 and 
the imaginary parts are the roots of [A —P(A)]/2i. 


3. Linear transformations on or onto a Banach space, by Dr. H. D. Block, 
Iowa State College. 


A simple application of the Baire category principle gives some information about any linear 
transformation whose domain (or range) is a Banach Space but which is not necessarily bounded, 
or closed, or one to one. Let T be a linear transformation from all of a Banach Space X to a normed 
vector space Y. Then there is a number m>0 such that for any xeX there exists a sequence x,—>x 
such that || Txpl| <ml|x|], and {7x,} converges in the sense of Cauchy. (The closed graph theorem 
is an immediate consequence of this.) 

Similarly it is easily shown that if T is a linear transformation from a normed vector space X 
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onto all of a Banach Space Y then there is a sequence ya—y with yn=T%n, |||] <mllyl| and {xn} 
convergent in the sense of Cauchy. 


4. The structure of mathematics, by Professor Fred Robertson, Iowa State 
College. 

The author develops the operational formula T—+Szg=S'z where T is an operator, Sz is the 
set of elements upon which T acts, and S’z is the result. By a proper choice of the operator and 
the elements together with the class concept and the laws of nature the preceding formula is found 
to be basic in the study of mathematics. The operator T and its inverse T~! under certain general 
conditions are shown to satisfy a certain partial differential equation. This equation provides a 
method of finding the operator inverse to the operator T. 


5. Application of Volterra transforms to some hypergeometric series, by Mr. 
A. M. Wedel, Iowa State College. 


Let f(x, y) and g(x, y) be two functions which are continuous in the closed region a Sx Sy Sb, 
The integral /*f(x, ¢)g(t, y)dt is defined to be the product by composition of f and g. There is an 
isomorphism between those algebraic formulas which involve only addition and multiplication 
and those obtained from the algebraic formulas by replacing powers of the variable by powers by 
composition of f. It can easily be shown that if 

Un, a, u; 8) = 9; 2) 
where 2F; (”, —n; 4; (1—z)/2) is the Tchebycheff polynomial of degree m, then 

2t(n, a, u; 8)t(m, b, 0; 2) 

By replacing powers of z by powers by composition of f(x, y)=1, we get an integral addition 


theorem which expresses the integral of the product of the sums of two Bessel functions with param- 
eters a and b in terms of sums of Bessel functions with parameters a+b. 


6. The proofs of rank theorems, by Professor Bernard Vinograde, Iowa State 
College. 


In particular, the basic rank theorems for symmetric matrices are proved in simple vector fash- 
ion. The method is formalized into an abstract ordering process which defines rings of linear maps 
(of matric sets) whose factorization properties are analyzed. 


7. The transcendence of e, by Professor Marian E. Daniells, Iowa State Col- 
lege. 


This paper reviews the proof of the transcendence of e given by Hilbert in 1893. His method 
employs an integral of the form 


— 1)(s — 2) +++ (¢— n) 
0 


rl 


e-*dz 


devised by Hermite and two fundamental theorems in the theory of numbers. 


8. Matric rules, by Professor M. F. Smiley, State University of Iowa. (In- 
vited address. ) 


It has been shown recently that 2” is the minimum degree of a polynomial identity for the 
algebra F, of all square matrices of order n with elements in a field F. (A. S. Amitsur and J. Levit- 
ski, Minimal identities for algebras, Proc. Amer. Math. Soc., 1, 1950, pp. 449-463). We give an 
exposition of the proof which shows that this result holds when F is replaced by a commutative 
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ring with unit element (N. H. McCoy, Rings and Ideals, Carus Mathematical Monograph, No. 8). 
The problem of determining necessary and sufficient conditions on a ring A with unit in order that 
A, satisfy a standard identity of degree 2k with & greater than m is proposed and solved for the 
simplest case: n=2, k=3., 


9. The slide rule made meaningful, by Professor G. L. Keppers, Iowa State 
Teachers College. 


The author favored the plan of each student actually constructing a slide rule and using that 
rule to do some simple computations. He gave units of length for the actual construction which 
simplified the computation. 


10. On the application of stochastic methods in mathematical biology, by Mr. 
A. T. Reid, Chicago. (Read by title.) 

11. Note on the relation between the properties of separation and connection, by 
Mrs. Barbara B. Blair, University of Iowa, introduced by the Secretary. 


A topology obtained by the axiomatization of the notion of separation of sets is compared 
with a topology, defined in terms of neighborhoods, which requires only that every point shall have 
a neighborhood and every neighborhood of a point contains the point. It is found that the separa- 
tion topology is stronger than the neighborhood topology, and a necessary and sufficient condition 
is given that the two topologies coincide. 


12. Analogies in elasticity, by Dr. D. L. Holl, Iowa State College. 


Physical systems expressible in identical mathematical form are said to be analogous. The 
advantages and limitations of them as equivalent systems were pointed out. A complete cor- 
respondence was established between the torsion problem of a rod with a multiply connected section 
and the corresponding soap film with properly elevated disks. A similar analog was made for the 
flexure problem, with the necessary criteria for multiply connected sections. The analogs of plane 
strain, plane stress for a two dimensional plane problem with the corresponding plate deflection 
problem under edge deflections, edge moments and normal surface loads, were detailed. 


13. Remarks on method in teaching the definite integral in a first course in 
calculus, by Professor E. W. Chittenden, State University of Iowa. 


Professor Chittenden outlined a program for teaching the theory of definite integrals in a 
first course in calculus designed to avoid the commoner logical weaknesses without important loss 
of time or substantial increase in difficulty. The method involves some loss in generality but none 
in applicability. 

14. A class of functional equations, by Dr. C. E. Langenhop and Dr. H. D. 
Block, Iowa State College. 

This was a discussion of problem 4424 in this MONTHLY, and a generalization. The problem 
was to describe the most general continuous real-valued function (— © SxS) which satisfies 
the equation f[1—f(x) ]=1—f(x). If inf. f(x) =L, sup. f(x) =U, then it is necessary and sufficient 
that f(x) =x, LSx<U, and L+U=1. Similar analysis can be applied to the more general equa- 
tion f(h[ f(x) ])=h[f(x)] if h(x) is continuous and monotone. Relations analogous to L+U=1 
can be obiained, and in particular, if (x) is monotone increasing and h(x) >x (or h(x) <x) for all 
x, no bounded solution exists. Such an equation would be f[1+f(x) ]=1+/(x). 


15. Extremals of velocity and distance in central force motion, by Dr. H. D. 
Block, Iowa State College. 


Let f(r, 0, #) be the force acting on a particle when it is at the point whose polar coordinates are 
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(r, 0) at time ¢. The force is assumed to be directed toward the origin so that f>0 is an attractive 
force, f<0 a repulsive force. We assume that the orbit parameter, ¢, can always be extended in 
both directions, that f is continuous and piecewise monotone in all of its arguments, and that the 
particle does not pass through the origin. Using only elementary calculus we can prove the following 
theorem. Let vo be the velocity at the point on the orbit (vo, 0) at time to, Po the point (ro, 9o, to) 
and fo the force f(Po). Then (i) if ro is a maximum then 2 is a minimum and fo>0; (ii) if v0 isa 
maximum then either 7» is a minimum or fo is not an extremal and fo =0; (iii) if ro is a minimum 
and fo>0 (<0) then vo is a maximum (minimum); if ro is a minimum and f changes sign at Py 
then v is not an extremal; if ro is a minimum and fo=0 but does not change sign at Po then 1 is 
a maximum (minimum) if f(r, 6, 4) is 20 (<0) for all (r, 0, ¢) sufficiently close to Po. (iv) The state- 
ments in (iii) hold with vo and ro interchanged. 


16. Theorem on the zeros of a polynomial, by Mr. W. J. Stoner, Iowa State 
College, introduced by the Secretary. 


A simple method of finding limits for the moduli of the zeros of polynomials is found by means 
of Rouché’s theorem. The moduli of the zeros of ao+-aiz+ + - + +an2" are shown to be less than 
or equal to K, where K =(|ao| +++ if K21, or if K <1. The moduli 
are shown to be greater than or equal to ~/'M, where M=|ao| + [a2] +--+ +lan|), if M>1. 


Mr. W. J. Stoner won the award for the most meritorious paper presented 


in mathematics. 


FRED ROBERTSON, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-third Summer Meeting, Michigan State College, East Lansing, 


Michigan, September 1-2, 1952. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Waynesburg College, 
Waynesburg, Pennsylvania, May 10, 1952. 

Western Illinois State College, 
Macomb, May 9-10, 1952. 

INDIANA, Indiana University, Bloomington, 
Spring, 1952. 

Iowa, Coe College, Cedar Rapids, April 18-19, 
1952. 

Kansas, Bethany College, Lindsborg, March 
29, 1929. 

KENTUCKY, University of Kentucky, Lexington, 
April 19, 1952. 

Northwestern State 
College, Natchitoches, Louisiana, Febru- 
ary 15-16, 1952. 

MARYLAND-DIsTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Spring, 1952. 

MicuiGan, University of Michigan, Ann Arbor, 
April 12, 1952. 

Minnesota, College of St. Catherine, St. Paul, 
May 10, 1952. 

MissourtI, Lindenwood College, St. Charles, 
May 2, 1952. 


NEBRASKA, University of Nebraska, Lincoln, 
April 19, 1952. 

NORTHERN CALIFORNIA 

Outo, April 19, 1952. 

OKLAHOMA 

Paciric NortHweEst, University of Oregon, 
Eugene, June 20, 1952. 

PHILADELPHIA : 

Rocky Mountain, Western State College, 
Gunnison, Colorado, May, 1952. 

SOUTHEASTERN, Georgia Institute of Tech- 
nology and Agnes Scott College, Atlanta, 
March 21-22, 1952. 

SoUTHERN CALIFORNIA, Occidental College, 
Los Angeles, March 8, 1952. 

SOUTHWESTERN, University of Arizona, Tucson, 
April 11-12, 1952. 

Texas, East Texas State Teachers College, 
Commerce, April, 1952. 

Upper NEw York State, Hobart and William 
Smith Colleges, Geneva, May 10, 1952. 

WIsconsiNn, Milwaukee, May 10, 1952. 
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ELEMENTARY DIFFERENTIAL 
EQUATIONS 


EARL D. RAINVILLE 
University of Michigan 


This text, containing all the material of the author’s successful Short 
Course in Differential Equations, provides a complete introduction to 
elementary differential equations in a full year’s course for students 
who have had standard calculus. It offers both a sound training in 
good techniques for obtaining solutions and an explanation of the 
basic theory behind the techniques. Coming in March 


CALCULUS 
JOHN F. RANDOLPH 


University of Rochester 


Maintaining a sound balance between formal problem material and a 
mathematically rigorous presentation, Professor Randolph’s new text 
offers a flexible, well-proportioned, modern treatment of the theory 
and applications of calculus. The problems are numerous, practical, 
and well-illustrated. The author anticipates each topic gradually so 
that the student will be primed for its eventual definition and ready 
to master it. Coming in March 
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to the needs of business majors 


COMMERCIAL ALGEBRA 
Robert M. Parker, Texas Technological College 


A very important feature of this book is the emphasis on demonstrating a principle or procedure for 
the sake of clarity. More than 300 illustrative examples are included. Explanations are full and clear, 
Approximately 1900 problems throughout the book afford ample practice material. Because the 
business administration student may bring to this course only a very rusty knowledge of ninth-grade 
algebra, Professor Parker devotes the first two chapters to a review of fundamental principles, 
Cumulative review exercises are spaced after every third chapter. A large number of review exercises 
are at the end of the book. 


A now book that. minimizer 
the demands on 


MATHEMATICS OF FINANCE 


Albert E. May, Racine Extension Center, University of Wisconsin 


A unique and striking feature of this text is its stress on thinking and understanding as opposed to 
blind substituting in formulas. It builds the fundamentals of investment theory on just eight simple 
important formulas. The student is trained in the basic principles so that he is able to adapt these 
few formulas to the many types of problems covered in the course. Whenever feasible, oral problems 
are used in introducing new symbols. This enables the student, unhampered by difficult computation, to 
grasp the mechanics of the new symbol while the instructor is present to correct initial misconceptions. 


Outstanding features of throe 

outstanding mathematics texts 
American by Frank M. Morgan 

COLLEGE ALGEBRA 


Book PLANE AND SPHERICAL TRIGONOMETRY 
DIFFERENTIAL AND INTEGRAL CALCULUS 


Company © Concrete examples illustrate each topic. 


© Well-graded exercises are provided in abundance. 


© Questions are interspersed throughout the text to 
55 Fifth Avenue make it read somewhat like a class discussion. 
New York 3, N.Y. © Mastery tests are spaced at intervals throughout the 
- Pike a ; book to give the student thorough periodic reviews. 
sat Mae Obie 4 e Answers to all exercises are available in separate 
Chicago 11, Illinois pamphlets. 
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4, mith Ss This text for students of business 


administration emphasizes the 


THE MATHE- use of basic principles rather 
MATICS OF than the use of special formulas. 
Stokes’ 
tokes 


FINANCE Contains a review of algebraic 
topics, 27 diagrams, many prac- 
Text for teacher-training courses 


tical exercises, a new mortality 
table and an index. 356 pp., 


in the methods of teaching _ 


arithmetic is divided into four 
sections, consisting of discus- 
sions on the meanings of arith- 


earning, techniques of instruc- a 
tion, and a developmental pro- THE MEAN 
gram for grades one through INGS OF 

six. 531 pp. $4.50 ARITHMETIC 


Appleton-Century-Crofts, 35 West 32nd St., New York I, N.Y. 


NOTICE 


A liberal arts college in the mid-west will have an opening next 
Fall for a young Ph.D. in Mathematics. Applicants should have 
sufficient training to supervise a small observatory and to teach 
elementary courses in astronomy in addition to courses in mathe- 
matics. The college emphasizes good teaching and encourages 
research and productive scholarship. Please address applications 


to 


Advertising Manager 


C/O MATHEMATICAL ASSOCIATION OF AMERICA 
UNIVERSITY OF ROCHESTER, ROCHESTER 3, N.Y. 


; 
iS. 
te 


Cho OSE an algebra 
text that meets your need 


from three by W. L. Hart 


BRIEF COLLEGE ALGEBRA, Revised 


The most interesting and useful parts of college algebra presented concisely 
for well prepared freshmen. 339 pages. $3.00 


COLLEGE ALGEBRA, 3rd edition 


All the usual topics of college algebra, preceded by an extensive review of 
intermediate algebra. 424 pages. $3.25 


INTRODUCTION TO COLLEGE 
ALGEBRA, Revised 


Intermediate algebra at a mature level, with a simple treatment of selected 
topics from college algebra. 319 pages. $3.00 


Be SUTE to see the new, excellent 


calculus text by Tomlinson Fort 


CA LCUL US Beginning with the basic explanation of infinite 


series, the whole text is rigorous but not difficult. All the usual material and 
more is provided, allowing for selection appropriate to different classes. 
576 pages. $4.75 


Sales Offices: NEW YORK CHICAGO 


TH ATLANTA SAN FRANCISCO 


and Company DALLAS Home Office: Boston 
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BUSINESS MATHEMATICS 


by WALTER F. CASSIDY and C. CARL RUBUSTO, St. John’s University 


Explanations in this text are simple, brief, and not too technical. Some facts 
and formulas have been stated without proof. Mathematical rigor has been 
avoided in the belief that it is neither desirable nor necessary on this par- 
ticular level. Material proceeds from simple concepts in arithmetic to the 
more complex ones in life insurance. Many illustrations make subject matter 
concrete; problems are both interesting and practical. 


464 pages 544” x 84,” Published November 1951 


MEANINGFUL MATHEMATICS 


by H. S. KALTENBORN, Memphis State College 


Designed to provide the mathematical part of a liberal education, the material 
in this text ranges from primitive number systems to calculus. As far as pos- 
sible, a fresh start is made at the beginning of each chapter, encouraging the 
student to continue in spite of any possible failure to master some of the 
special techniques at an earlier stage. A large number of problems provide 
adequate drill on fundamental processes. 


384 pages 5144” x 8” Published October 1951 


ANALYTIC GEOMETRY AND CALCULUS 
by LYMAN M. KELLS, U. S. Naval Academy 


This combination of calculus and analytic geometry in a single text results 
in (a) better assimilation of both subjects by students, (b) a saving of time, 
and (c) early equipment of students with basic analytic principles, and the 
powerful tools of calculus, derivatives, and integrals. A large number of 
carefully-graded problems provide drill work and numerous important ap- 
plications. 

608 pages 6” x 9” Published 1950 
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GENERAL COLLEGE MATHEMATICS 


By W. L. Ayres, C. G. Fry, and H. F. S. Jonan, Purdue University. In press 


A new approach to freshman mathematics, designed to help the student in his applica- 
tion of mathematical topics to the biological and social sciences. Keyed primarily for 
those students who will take only one year of college mathematics, this text examines 
such subjects as ratios and percentages, linear and quadratic equations, trigonometry, 
interest and its application to installment buying, laws of growth, statistics, etc. 


COLLEGE ALGEBRA 
By Ross R. Mipptemiss, Washington University. Ready in March 


The text covers all the topics usually taught in a standard course. The principal aim is 
to make the algebra course more valuable and more stimulating by emphasizing reason- 
ing and clear thinking—and by thus combating the student’s tendency toward me- 
chanical operations unaccompanied by real thought. 


TRIGONOMETRY 
By Cecit T. HoLMEs, Bowdoin College. 246 pages (with tables) , $3.25 


Here is a clearly understandable and thorough text that offers a closer correlation of 
trigonometry with other college mathematics than is done in most books of its kind. 
This is accomplished by introducing some very elementary notions from analytic geom- 
etry and using them consistently in proofs throughout the book. Emphasis throughout 
is upon understanding, rather than mechanical manipulation. 


CALCULUS AND ANALYTIC GEOMETRY 
By C. T. Homes, Bowdoin College. 416 pages, $4.75 


Designed for a combination course in which the concepts and techniques of the calculus 
are the main objectives. Although calculus is emphasized, the essentials of analytic 
geometry are presented in sufficient detail for a subsequent major. The concept of 
integration is introduced early in the text. 


Send for copies on approval 
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